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PREFACE. 



The original design of the author in this treatise was to 
prepare,- in the form of First Lessons, a convenient introduc- 
tion to his larger work on Algebra. In the progress of the 
work, however, it was thought best so far to extend the plan, 
as to make the present treatise a whole in itself, and thus to 
adapt it fully to the use of a large class of pupils in our 
Schools, desirous of acquiring some general knowledge of 
Algebra, but who have comparatively little time to devote to 
it. 

The general plan of this treatise is the same with that of 
the larger work of the author. 

The object in the first section is to give a clear exposition 
of the nature of algebraic signs, and especially to impress up- 
on the learner the fundamental idea that these signs consti- 
tute a concise and convenient language by which to conduct 
the processes of reasoning necessary to the solution of math- 
ematical questions. The illustrations of this elementary idea 
of the nature of Algebra lead to the formation of equations, 
the rules for the reduction of which, are developed in the 
third section. The process for putting a question into equa- 
tion, the topic which nejrt naturally occurs, is explained in 
the following section. And the illustrations given in relation 
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to tliis lead the learner to see that in Alj^cbra tliere are opera- 
tions required, analogous to addition, subtraction, multiplica- 
tion and division in Arithmetic. The orifi;in of these opera- 
tions being thus seen, and the necessity for them felt, the 
learner is prepared for their full development, vi'hich is given 
in the two next sections. 

These operations being well understood, the way is pre- 
pared for questions involving more complicated operations 
than those previously solved. Questions of this description 
are now introduced in the sixth section, and the lules for the 
reduction of equations, involving two or more unknown 
quantities, are fully explained. 

With these resources, and the discii>line derived from the 
solution of the previous particular questions, the learner ^is 
now introduced in the eighth section, to the subject of Gen- 
eralization, usually the most difficult topic to be encountered 
by a young mind. Here the object is: first to lead the learner 
to see clearly the distinction between the process of reason- 
ing he is led to pursue in the solution of a question, and the 
numerical operations he is required to perform as the result 
of that process. In order to tliis, he is required to perform 
numerous questions, retaining the operations as he proceeds, 
and leaving them all to be performed at last, when the reason- 
ing process has reached its conclusion. In this way he is led 
to see that the reasoning process is precisely the same, and 
the operations to be performed precisely the same for all 
questions, which differ only in the particular numbers that 
are given, and that thus, in fact, he has obtained a general 
solution of his question. A little practice in this mode of 
generalization leads him to feel the want of general symbols 
to represent the given things in a question, and thus a clear 
and full idea of this difficult topic is at length attained. 

From every general solution, the learner derives a rule for 
the solution of all the particular questions involved in it. The 
nature of a rule being thus understood, he is led, in the next 
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sectioD, to investigate anew, by aid of the new instrumen t 
now in his hands, the most important rules of Arithmetic* 
such as Proportions, Fellowship, the Rule of Three, Position, 
&c. He is thus led to a more perfect understanding of these 
rules ; and the numerous examples given under each, serve 
as an extended review of the principles already acquired in 
his previous study of Arithmetic. The difference, moreover, 
between Algebra and Arithmetic, and the peculiar province of 
each, is now fully understood. 

Proceeding, next, in the tenth and eleventh sections, with 
what is more 'peculiarly the subject of Algebra, the mode of 
extracting the square root of algebraic quantities, the nature 
and solution of equations of the second degree, are there ex- 
plained with sufficient examples for illustration. The topic 
next introduced is the Indeterminate Analysis, one of the 
most elegant and important branches of Algebra, but which is 
very generally, as well as strangely, omitted in text books of 
Algebra. An elementary view of this subject is given in tlie 
twelfth section. In the next, the subject of logarithms is 
somewhat fully developed, and finally in the last section the 
rules of compound interest as an important application of 
them. 

The author has given this brief view of his general plan 
in tlie hope that teachers who may use his work, will fully 
possess themselves of it, and enter inib its spuit. His own 
experience has led him to the clear conviction that the course 
thus pursued is the best adapted to give the learner just no- 
tions of the nature and powers of Algebra, and to awaken in 
his mind an interest in the study of it. He has endeavored 
in the prosecution of the work to furnish all needed help to 
the beginner, and at the same time to avoid that excess of ex- 
planation that leaves but little for the exercise of the talents 
of the teacher, and less for those of the pupil. 

It is presumed in this treatise that the learner is well ac- 
quainted wtth the fundamental operations of Arithmetic, and 
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with the practical rules ordinarily contained in works on this 
subjects With this knowledge, and the mental discipline ac- 
quired in its attainment, he will meet, it is believed, in this 
treatise with no difficulties which are not essentially inherent 
in the suljject, and necessary to a healthy and vigorous exer- 
cise of his powers. 

WILLIAM SMYTH. 
BowDOiN College, Nov., 1850. 



FIRST LESSONS IN ALGEBRA, 



SECTION I. 

I. The learner has already become acquainted, in arith- 
metic, with the use of the following signs : 

1^. The sign =, which denotes equality y and is read 
egual to; thus, 7 times three =21. 

2^. The sign -f*? which denotes addition^ and is read 
plus; thus 7 + 3 = 10. 

3°. The sign — ^ which denotes subtractiony and is read 
mimes; thus 15 — 4 = 11. 

4°. The sign X> which denotes multiplicationy and is 
read nadtiplied by ; thus 7 X ^ = 63, or more concisely, 
7 X 9 is read, 7 times 9. 

5®. The sign -7-, which denotes division, and is read 
divided by ; thus 24 -7- 6 = 4. 

II. Let it now be required to find the answer to thd 
following question : 

A gentleman once had 40 dollars ; he spent a certain 

2 
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part of it, and found that he had three times as much 
left as he had spent. How much money had he spent ? 

In order to obtain the answer, we should reason upon 
this question, thus : 

The money spent and the money saved, added together, 
should be equal to forty dollars, the money he had at first 
Or, in other words, the money spent, added to three times 
the money spent, is equal to S 40. Whence, four times 
the money spent is equal to 1 40. Once the money spent, 
therefore, or the answer sought, will be equal to $ 40 cQ- 
vided by 4, or to S 10. 

in. Let us now employ in this process the signs above 
explained, and the reasoning will then stand thus : 

The money spent + ^ X the money spent = 40 

4 X the money spent = 40 

once the money spent = 40 -7- 4 = 10. 

The reasoning, it is evident, is rendered more concise 
by the use of these signs. But the phrase, " the vumBy 
spcTUy* the unknown quantity, or answer sought, being 
often repeated, the reasoning will be rendered still more 
concise, if we represent this also by a sign. 

For this purpose, we may employ any convenient char- 
acter or symbol. Let us take some letter of the alpha- 
bet, X for for ezample : thus let x equal the money spent, 
then a: + 3 X a: = 40 

4 X a; = 40 
a: = 40 -7- 4 = 10. 

To express the multiplication of a; by 3 we may use a 
period instead of the sign X9 thus, 3 . a;. Or we may 
simply write the 3 before the a;, thus, 3 x. Division is 
sdso usually indicated by writing the number to be divid- 
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ed above a horizontal line, and the divisor beneath it 
in the form of a fraction, thus : 

4 
2. Said a gentlemen to me, if I had twice as much 
money as I now have, and $ 14 more, I should have just 
$ 74. How much money had he ? 

Let us employ the signs above explained in the pro- 
cess of reasoning necessary to find the answer to this 
question. In order to this we will represent the unknown 
quantity, or answer required, also by x. The process 
will then stand thus : 

X + 2 a? + 14 = 74 

3 a; -f 14 = 74 

3 a: = 74 — 14 = 60 

3 

Ans. He had $20. 

If we now carry on, in common language, the reason- 
ing process necessary to obtain the answer to this question, 
or, if we translate into common language the process 
above, it will be seen how much more concisely the rea- 
soning is expressed by the aid of the signs we have ex- 
plained. 

IV. The great utility of these signs will be more obvious 
as we proceed to more complicated questions. The learn- 
er will now, however, be able to see the important dis- 
tinction between Arithmetic and Algebra. In Arithme- 
tic, we are taught the use of a convenient set of signs, 
called figntes, in representing numbers and facilitating the 
operations to be performed upon them. In Algebra, we 
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learn the use of another set of signs, in representing the 
phrases employed, and, in general, in facilitating the rea- 
soning process required to determine the numerical ope- 
rations which must be performed, in order to obtain the 
answer to a proposed question. 

Algebra aids us in the reasoning process upon a ques- 
tion. Arithmetic enables us to perform with ease the 
numerical operations which the reasoning process deter- 
mines to be necessary, in order to obtain the answer. 

In the above examples we have used the letter x to 
represent the unknown quantity, or answer sought. With 
equal propriety we might have used any other letter, or 
convenient sign. It is common, however, to use some one 
of the last letters of the alphabet, as a;, ^ or Zy &c., to 
represent the unknown quantity, or that which is required 
in a question. 

The signs above explained,, together with those which 
will be hereafter introduced, are called Algebraic signs. 



SECTION II. 



V. The following examples will now serve as an exer- 
cise in the use of the algebraic signs above explained. Let 
the learner, in each case, compare the solution with that 
which would be required in the use of common language. 

1. Two gentlemen arrived late in the evening, at an 
inn. To obtain a room, one offered to pay double, and 
the other three times the ordinary price. Both together 
paid $7. What was the ordinary price of a lOom ? 

Let X = the ordinary price of the room ; then double 
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the ordinary price will be 2 x, three times the ordinary 
price will be 3 x, and we shall have 
2ar + 3xz=7 
5x=z7 

The answer will be S 1,40. 

2. Three men, A, B and G, trade in company and gain 
$ 408^ of which B has twice, and C three times as much 
as A, What is the share of each ? 

Let X represent A's share ; then 2 x =: B's, and 
3 X = Cs share; and by the question we have 
x+2x + 3x=408 
z= 68. 
Ans. A's share is S 68, B's S 136, C's « 204 

3. Two gentlemen saw a sum of money lying on the 
table. The first said •* I have three times as much money ' 
as there is on that table." " Well" replied the other, " I 
have ten times as much." Both together had S 65. How 
mueh,money was there on the table ? 

Let X = the money on the table. Then x := 5. 

An9. S5. 

4. Two capitalists, A and B, calculate their fortunes. 
It appears that A is twice as rich as B, and that together 
they possess S 5400. Wliat is the capital of each ? 

Let X = B's capital Ans. A's $ 1800, B's S 3600. 

5. In a company of 266 persons, consisting of officers, 
merchants and students, there were four times as many 
merchants and twice as many officers as students. How 
many were there of each dass ? 

Ans. 38 students, 76 officers and 152 merchants. 

6. A merchant freighted a vessel of 360 tons with su« 

2* 



10 FIBST LESSONS IN ALGEBRA. 

gar, coffee and tea. He put on board twice as much coffee 
and three times as mucli sugar as tea. How many tons 
were occupied by each ? 

Ans. 60 by tea, 120 by coffee and 180 by sugar. 

7. A, B and G were talking of their ages. A said, I 
am twice as old as B ; B said, I am twice as old as C. 
Together, they were 140 years old. What are the ages 
of each ? 

Let X =. C's age ; then 2x= B's and 4 a: = A's age. 
Ans. A's 80, B's 40 and C's 20 years. 

8. Four persons, A, B, C and D, are to share $ 120, 
in such a manner that B is to receive double of A's share, 
C double of B's and D double of C's share. What is 
the share of each ? 

Ans. A's share S 8, B's $ 16, C's S 32 and D's S 64. 

9. A complained that he owed as much again as he 
was worth ; B avowed he owed 3 times as much as A, 
whereupon C remarked that his debt was 5 times as large 
as B's. All three owed, together, $ 76000. How much 
was A worth and how much did each owe ? 

Ans. a was worth $ 2000. A owed $ 4000, 
B$ 12000 and C$60,000. 

10. Three traders, A, B and C, make together a clear 
gain of $ 360, which is to be divided among them accord- 
ing to the stock each put in trade. Now it is known 
that A has put in as much as B and C together ; and that 
B has put in just twice as much as C. What is each 
one's share of the profits ? 

Ans. C's $ 60, B's $ 120 and A's $ 180. 

11. A father dies and leaves his property, amounting to 
$ 4800, to be divided among his four children, A, B, C 



\ 
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and D, in the following manner : A, who is the youngest, 
is to receive as much as his three brothers, B, C and D, 
taken together ; B, the next oldest, is to receive as much 
as G and D, taken together ; but C and D are each to re- 
ceive an equal share. What is the share of each ? 
An8. D's $ 600, C's $ 600, B's $ 1200, A's $ 2400. 

12. Four poor persons, A, B, C and D, are to share 
$ 552 according to their ages. It is known that D is as 
old as A, B and C together ; G is as old as A and B, and 
B is twice as old as A. What is the share of each ? 

Ans. A's $ 46, B's «92, G's $138, D's S276. 

13. Two brothers are to share an inheritance of SI 000. 
The oldest being able to provide for himself, the younger 
is to receive $ 40 more than three times the share of the 
other. What is the share of each ? 

Let X = the share of the oldest ; then 3 a? + ^^ ^^ 
be the share of the younger, and we have 
x + Bx+ 40= 1000 
x=z 240. 
Ans. The oldest receives $240 and the younger $760. 

14. At an election two candidates presented themselves 
for office. The one that was elected received 40 votes 
more than the other. The number of votes cast amounted 
to 260. How many votes had each ? 

Ans. 110 and 150, respectively. 

15. What two numbers are those whose sum is 59, and 
difference 17 ? Ans. 21 and 38. 

16. Two gentlemen, A and B, had together a fortune 
of $ 5,400 ; but A has $ 5000 less than B. How many 
doUars had each? Ans. A has $ 200, B $ 5,200. 

17. A person employed 4 workmen ; to the first of whom 
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he gave 2 shillings more than to the second; to the sec 
ond 3 shillings more than to the third, and to the third 4 
shillings more than to the fourth. Their wages amounted 
to 32 shillings. What did each receive ? 

Let X z=z t^e sum received by the fourth ; then sip -{- ^, 
a; + 7,.a: + 9 will be the sums received by the third, 
second and first, respectively ; and we have 

a;^5P + 4 + :^ + 7 + «+9 = 32. 
Here a;, or the quantity sought, is repeated four times, 
and we have, therefore, 

4a;-j-44.7 + 9 = 32, 
and since the numbers 4, 7 and 9 are all additive, instead 
of adding them separately, we may add their sum, which 
gives 4 a; + 20 = 33, 

whence ac = 3. 

Ans. They received 12, 10, 7 and 3 shillings, respect- 
ively. 

18. A certain estate, amounting to $ 10,000, is to be di- 
vided among three children in the following manner: 
The second is to receive as much as the eldest and $ 500 
more, and the youngest is to receive three times as much 
as the eldest and S300 more. What will each receive? 

Ans. $ 1840, S 2340 and $5820, respectively. 

19. A poor man had 6 children, the eldest of which 
could earn 7 d. & week more than the second ; the second 
8 d, more than the third ; the third 6 d, more than the 
fourth ; the fourth 4 d. more than the fifth, and the fifth 
5 d. more than the youngest. They all together earned 
10 s. 10 d, a week. How much could each earn a week ? 

Ans. 38, 31, 23, 17, 13 and 8 pence a week. 

20. A company of 90 persons consists of men, women 
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and children. The men are 4 in number more than the 
women; the children 10 more than the adults. How 
many men, women and children are there in the company ? 
An 3. 22 men, 18 women and 50 children. 

21. It is required to divide the number 99 into 5 such 
parts, that the first may exceed the second by 3 ; be less 
than the third by 10 ; greater than the fourth by 9, and 
less than the fifth by 16. 

Let X z= the first part ; 
then X — 3 = second, 

a: + 10 = third, 

X — 9 = fourth, 
a? + 16 = fifth, 
and we have 

ar + ic — 3 + a; + 10-fa; — 9 + a:+16z=99; 
here x is repeated 5 times, the sum of the numbers to be 
added is 26, and the sum of those to be subtracted is 12 ; 
we shall have, therefore, 

5 a; + 26 — 12 = 99, 
ot 5 a: + 14 = 9^ ; 

whence x = 17. 

Ans. The parts are 17, 14, 27, 8 and 33. 

22. $ 100 are to be divided among three persons. A, 
B and C, in such a manner that A is to receive $ 20 more, 
and B $ 13 less than G. What is the share of each ? 

Ans. A's $ 51, B's % 18 and C's % 31. 

23. A clerk was 6 years in the same house. In the 
first 3 years he spent only % 300 a year, but in each fol- 
lowing year % 100 more than ift the preceding year ; and 
yet, at the end of the sixth year he had saved $2,400. 
What was his salary ? Ans. % 800. 
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24. Two gentlemen, A and B, set oat at the same time 
from two different places to meet each other. A makes 
8 miles an hour and B 5. The distance between the two 
places is 260 miles. In how many hours will thej meet, 
and what part of the whole distance will each one have 
traveled? 

Ans. 20 hours. A will have traveled 160, and B 100 
miles. 

25. What number is that, from the treble of which if 
18 be subtracted, the remainder is 6 ? Ans. 8. 

26. A farmer sold 13 bushels of barley at a certain 
price, and afterwards 17 bushels at the same price, and 
at the second time received 36 shillings more than at the 
first. What was the price of a bushel ? 

Aks. 9 shillings. 

27. A person bought 198 gallons of beer, which exactly 
filled four casks ; the first held twice as much as the sec- 
ond, the second twice as much as the third and the third 
three times as much as the fourth. How many gallons 
did each hold ? . A^s. 108, 54, 27 and 9 gsOlons. 

' 28. What two numbers are there whose sum is 79, and 
difference 27 ? Ans. 26 and 53. 

29. A draper bought three pieces of cloth, which to- 
gether measured 159 yards. The second piece was 15 
yards longer than the first, and the third 24 yards longer 
than the second. What was the length of each? 

Ans, 85, 50 and 74 yards, respectively. 

80. A gentleman being asked the age of his son, ans- 
wered, my wife is 23 yeaift older than my son ; I am 10 
years older than my wife, and all three are 110 years old. 
What is the age of the son ? Ans. 18. 
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31. lliere ore five towns in the order of the letters A^ 
B, C, D, E. From A to £ is 80 miles. The distancW 
between B and C is ten miles more, between C and D is 
15 miles less aod between D and E 17 miles more than 

the distance between A and B. What are the respectiye 

distances ? 

Ans. 17, 27, 2 and 34 miles. 



SECTION III. — Equations. 

YI. If the learner will examine with attention the ex- 
amples thus far performed, he will see that the first thing 
we have done has been, by aid of the algebraic signs, to 
obtain an expression for the equality of two things. Thus, 
in the first example, the expression first obtained was 

a; + 2 a: + 14 = 74. 
This expression of the equality of two things which are 
equal is called an equation. The parts on either side of 
the sign of equality are called the numbers of the equation. 
Thus, in the equation above, the part x -^ 2 x -^^ 14:^ on 
the left of the sign of equality is called the left hand 
member of the equation, and the part 74, on the right, is 
called the right hand member. 

The parts separated by the signs -|- or -^ are called 
terms. Thus, in the equation above, a;, 2 ar, &c., are terms 
of the equation. 

A figure written before a letter, showing how many 
times the letter is taken, is called the co-efficient of that 



16 FIKST LESSONS IN ALGEBRA. 

letter. Thiis, in the quantities 2 x, 6 x, 2 and 5 are the 
coefficients of x, 

Vn. The process by which this first equation is ob- 
tsdned is called putting the question into an equation. No 
, precise rule can be given by which, in all cases, a ques- 
tion can be put into an equation. In general it must be 
done by a careful consideration of the conditions of the 
question, and the skillful use of the signs by which our 
reasoning upon them is facilitated. 

When, however, the equation of a question has been 
obtained, there are regular steps by which the value of 
the unknown quantity is obtained from it, which we will 
now explain. 

In order to this, let there be the following equation : 
x=z5. (1) 

IT to the left hand member of this equation we add an x, 
its value, 5, must be added to the right hand member 
in order to preserve the equality, and we shall have 

2 0? = 10. (2) 
If now we subtract an x from the left hand member of this 
last, its value, 5, must be subtracted from the right hand 
member in order to preserve the equality ; and we have in 
general, 

V*. If the same or equal quantities be added th both mem- 
hers of an equationy the equality stiU continues. 

2®. y the same or equal quantities be subtracted from 
both members of an equation, the equality still continues. 

Again, if to the left hand member of equation (2) we 
add 2 x, and to the right hand member its equal, 10, we 
shall have the equation 

4 a: = 20. (3) 
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Comparing, next, equations (2) and (3) with equation (1), 
the third, it is evident, is four times, and the second twice 
the first ; and in general, 

S°. If both Tnembersofan equation are multiplied by the 
same or equxd quantities^ or 

4**. If both merribers of an equation are divided by the 
same or equal quaraities^ the equality still continztes. 

These principles require no demonstration. They 
should, however, be clearly understood, since they serve 
as the basis of all operations upon equations. 

Vin. This being premised, let now the following ques«- 
tions be proposed, viz.: 

1. To find a number such that if one third and one fifth 
of this number be added to itself, the sum will be equal 
to 50. 

Let X = the number ; then one third of this will be 

a; ~ 3 or ?, and one fifth will be - ; and we shall have 
3 5 

for the equation x -f- ^ + ^ = 5^- 
3 D 

The process by which the value of x, or the unknown 

quantity, is obtained from an equation is called resolving 

or reducing the equation. To resolve this equation we 

will first free the fractional terms from their denominators. 

In order to this we multiply both members of the equation 

by 3, the denominator of the second term, and we obtain 

Sx + x + — =i 150. 
5 

Multiplying next by 5, we have 

15 a: + 5 a: -|- 3 X = 750 

or 23 xz=z 750. 

2 
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Dividing next both members of this last by 23, we obtain 
X = 32^. 

2. What is the value of a; in the equation 

? + ? + ?_?= 187. 
2 ^ 8 ^ 5 7 

Ans. X = 210. 

3. What is the value of a; in the equation 

- ?4-? — ?4-?=:20. 
2^4 3^9 

In this example it will be seen that 4 is a multiple of 2 
that iS| it is divisible by 2. I^ then, we begin by multi- 
plying by 4, the numerator of the first term will be divis- 
ible by its denominator, and, the operation being perform- 
ed, will be left free of its denominator, and the equation 

wiU stand 2a: + a: — i5 + Lf=:80. 

Again, since 9 is divisible by 3, multiplying next by 9, 
we obtain 18 a; + 9 a: — 12 a: + 4 a: = 720 ; 
whence a; z= 37^. 

By multiplying first by 4 and then by 9, the equation is 
fireed from its denominators by two^multiplications only, 
instead of four ; and is moreover left, when freed from 
denominators, in a more simple state. 

4. What is the value of x in the equation 

2^3^6 7^ 21 

Ans. X = 42. 

5. What is the value of x in the equation 

a, 2a: 3a;, 7a; 051 

2 "*" T~ "1" "^ To* "" 'i' 

Ans. X •=. 30. 
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6. What is the value of a; in the equation 

4 6 ^ 12 ^ 3 

Ans. X = 96. 

7. What is the value of x in the equation 

2 "^ "3~ U "^ T2'" T" "^ 21 "" *' 

The least number divisible by each one of the denom- 
inators, or, in other words, their least ccunmon multiple, 
is 84. Multiplying by 84 and dividing each fractional 
term, as we proceed, by its denominator, we obtain 
42 a: + 66a; — 18 a: + 35 a:— 72 a; + 4 a: = 5922- 

The equation is thus freed of its denominators by one 
multiplication, and is moreover left in its most simple state* 

Deducing next the value of a;, we obtain 
X = 126. 

By the use of the least common multiple, an equation, 
it is evident, may be freed at once of its denominators. 
As this process, however, in most cases involves a multi* 
plication by a large number, it is in general most conven- 
ient in practice to multiply by the denominators success- 
ively, taking care to commence the operation with such 
denominators as are divisible by some one or more of the 
others, or which contain factors in common with them. 
Thus, in the last eicample, multiplying first by 12 and re- 
ducing, we have 

6 ar + 8 X - l?-f + 5 X — !!-? + 1^ = 8 46. 

-T- rj T 7^7 

Multiplying next by 7, the equation is freed of its denom- 
inators as before. 
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8. What is the value of x in the equation 

X X X I X 

6 4 

Ans. a: = 12. 

9. What is the value of x in the equation 



— ^ + ? = 1. 



X » ^ X X [ O X [ X ____ r\-y 

2"^"3"~5"^T(r"'"l2'~ 

Ans. a? = 60. 
10. What is the value of x in the equation 

3 X^"*""7""^T0"^1T'~ ^' 

Ans. X = 8J. 
IX. Let It next be required to find the value of x in 
the following equation ; 

8 X — 72 = 3 a:. (1) 
To resolve this equation we change the places of the 
terms, so that the unknown quantity will stand on one 
side of the equation and the known quantities on the other. 
In order to this we add 72 to both sides, which gives 

8 a: — 72 + 72 — 3 a: + 72, 
or reducing, 8 a: = 3 ar + 72. i 

Subtracting next 3 x from both sides, we obtain ^ 

8a; — 3a:=:3a; — 3a: + 72, 
or 8 a: — 3 aj = 72. (2) 

If now we compare equation (2) with equation (1), it will 
be seen that the 72, which has the sign — before it in the 
left hand member, has been made to disappear from that 
member and to appear in the right hand member with the 
sign -\- before it. In like manner the term 3 a:, which 
has the sign + understood before it in the right hand 
member, has been made to disappear from that member 
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and to appear in the opposite with the sign — before it. 
The result is the same as if we had transferred each of 
these terms from the members in which thej stood at first 
to the opposite and changed their signs. 

The process hj which a term is transferred from one 
side of an equation to the other is called transposttioTiy and 
we have the following rule, viz.: Any term may be tram* 
posed from one side of an equcUion to the other y if at the 
same time we change its sign. . 

2. What is the value of a; in the equation 

4ar+22 = 57 — 8x; 
transposing, 4a:+8a:=57 — 22; 
whence a: = 6. 

3. What is the value of a; in the equation 

336 + 3 ar— 11 z= 10 « — 10 + 776 — 56 x. 

Ans, a; = 9. 

4. What is the value of x in the equation 

36 a; — 12 — 3 a: — 48 = 20 a: + 56 — 1. 

Ans. a? = 7. 

5. What is the value of a: in the equation 

51 _ 9 ax— 10 — 20 a: := 75 — 90 a: + 70 + 35 ar. 

Ans.^ a: = 4. 
X. Let it be proposed next to find the value of x in 
the following equation : 

?4.?-? — ? = if + 45. 
2^3 6 5 ^ 

Freeing from denominators, 

15 a; + 20 a; — 25 =c: 24 a: + 1350; 

transposing, 15 a: + 20 a: — 24 ar = 1350 + 25 ; 

reducing, 11 ar = 1375 ; 

dividing by the coefiicient, a? = 125. 

3* 
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Equations are distinguished bj different degrees. Equa- 
tions, such as the preceding, in which the unknown quan- 
tity is neither multiplied by itself nor by any other 
unknown quantity, are called equations of ^A^^r;^ degree. 
The rules we hare obtained above are sufficient for the 
solution of all equations of this kind. When there is 
but one unknown quantity the process is as follows: 
V, Free the equation from denominators. 2° Collect on 
one side the terms which contain the unknown quantity, 
and those which are known on the other. 3°, Reduce to 
one term the terms in each member. 4°. Divide by the 
coefficient of x. 

XI. The learner will now be prepared to solve the fol- 
lowing questions, which will serve as an additional exer- 
cise in the reduction of equations. 

1. A draper had a piece of cloth from which he sold 
a third and a fourth part, which he found to be equal to 
25 yards. How many yards were there in the whole piece ? 

Ans. 42f, 

2. A gentleman being asked how much money he had 
in his pocket, answered, the fourth and fifth part amount- 
ed together to 9 dollars. How much money had he ? 

Ans. $20. 

3. Two gentlemen wished to buy»a horse. Upon count- 
ing their money, they found that one had but one-seventh 
and the other one-ninth of the whole money that was ask- 
ed for him ; and yet they had together $ 32. What was 
the price of the horse? Ans. SI 26. 

5. Three shepherds, A, B and C, upon counting their 
sheep find that B has three times as many as A, but that 
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G has only one fourth as many as B. They have in all 
19 sheep. How many had each ? 

Ans. a had 4, B had 12 and C had 3. 

5. A gentleman put out his money at three different 
places. At the first place he puts one- seventh, at the 
second one-ninth and at the third one-half. It is known 
that at the last place he has $155 more than at the other 
two taken together. What is the whole amount of his 
money? Ans. $630. 

6. A young man being ask^d his age, answered, if one- 
half, two-thirds, three-fourths, four-fifths and five-sixths 
of his age and 9 years more were added to his age, he 
would be 100 years old. How old was he ? 

Ans. 20 years. 

7. To find a number such that if 7 be subtracted from 
five times the number and 8 be added to twice the num- 
ber, the remainder will be equal to the sum. 

Ans. The number is 5. 

8. What number is that, to the double of which if 44 
be added? the sum is equal to four times the required 
number? Ans. 22. 

9. An officer giving an account of an engagement with 
the enemy, reported that half the men he commanded 
were taken prisoners, one-fourth were killed, one-seventh 
severely wounded, and that in consequence of this he had 
but three men left for service. How many men had he 
before the engag^jient ? Ans. 28. 

10. A gentleman going to market put a certain sum #f 
money in his pocket : one-third of it he paid for sugar, 
one-fourth for coffee, one-sixth for tea, one-seventh for 
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rice, and the remainder, amounting to $9^, for other ar- 
ticles. How much money did he put in his pocket ? 

Ans. $85,86§. 

11. A post is one-fourth of its length in the mud, one- 
third in the water and 10 feet above the water. What 
is its length ? Ans. 24 feet. 

12. A shepherd drove himself one-half of his flock to 
pasture ; one-fourth of them were driven by his son, one- 
eighth by his daughter, and 40 remained in the stable. 
How many had he ? Ans. 320. 



SECTION IV. — Putting a Question into an 
Equation. 

Xn. We have seen the manner in which an equation 
may be reduced, after it has once been formed. It will 
be seen also that in obtaining the equations in the preced- 
ing examples, tve have represented the attswer so%ght by a 
letter ^ and have then indicated upon it the operations nec- 
essary to prove it to be the true anstver, supposing it to be 
known. 

No certain rule can be given for putting a problem in- 
to an equation. The process above will, however, gener- 
ally lead to the equation. We will illustrate this by some 
additional examples. 

1. After a certain part of a commodity, which weighed 
40 pounds, was sold, there still remained 8 lbs. more than 
the quantity sold. How many pounds were there sold ? 

In order to prove the answer if it were given, we should 
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first subtract it from 40 ; we should next add 8 to it, and 
if the difference and sum were found to be equal, the ans- 
wer would be correct. 

Imitating this process, let us put x for the answer. Sub- 
tracting X from 40 gives 40 — x\ adding 8 to a: girea 
x-^%\ putting next these two results equal to each other, 
we have 40 — a: = a: -f- 8. 

This is the equation of the question, which being resolved 
gives a: = 16 for the answer. 

2. A gentleman remarked, if I had three times as much 
money as I have, I should have $18 more than I now 
have. How much money had he ? Ans. $9. 

3. A bookseller sold 10 books at a certain price, and 
afterwards 15 more at the same rate. Now at the latter 
time he received 35 shillings more than at the first What 
did he receive for each book? Ans. 7 *. 

4. A father wishing to divide the money he had in hia 
purse between his sons, found that he wanted 5 shillings 
to be able to give them 4 shillings each. He therefore 
gave them 3 shillings only, and found that he had 7 shil- 
lings left. How many sons had he ? 

To prove the answer if it were known, we should mul- 
tiply it first by 4 and subtract 5 from the product ; we 
should next multiply it by three and add 7 to the product. 
If the two results were equal the answer would be right. 

To imitate this process, let x z= the answer. Multi- ' 
plying a: by 4 gives 4 a:, and subtracting 5 from this gives 
4 a: — 5. Multiplying next a? by 3 gives 3 ar, and adding 
7 to this gives 3 a? -f- 7. Putting these results equal, we 
have for the equation of the question 

4a: — 5 = 5a; + 7; 
from which we obtain a: = 12. 



26 FIRST LESSONS IN ALGEBRA. 

5. A person wishing to buy some sugar, found that if 
he gave but 7 d, per lb., he would have 10 d. left; but if 
he gave 8 d, per lb., he would lack 2 s, Qd. How many 
pounds of sugar did he buy ? Ans. 40 lbs. 

6. A person wishing to buy a house draws $250 from 
each of his debtors, and finds that in this case he has not 
enough to make the purchase by $2000 ; but if he draws 
$340 from each, he has $880 more than he needs. How 
many debtors has he ? Ans. 32. 

7. A person having received $20, went into a store to 
buy himself some broadcloth for a cloak. The store keep- 
er showed him two different kinds. If he bought of the 
first, which was $3 a yard, he would have as many dollars 
left as he would lack if he had wished to buy of the sec- 
ond piece, which was $5 a yard. How many yards did 
he wish to buy ? Ans. 5 yards. 

8. In a certain school one-third of the pupils study 
Arithmetic, one-fifth Geography, and the remainder, con- 
sisting of 49, study Algebra. How many pupils are there 
in the school? Ans. 105. 

9. The head of a fish is eleven inches long; its tail is 
as long as its head and half its body, and its body is as 
lon^ as its head and tail. What is its length ? 

Ans. 7 feet 4 inches. 

10. Three men purchased a ship. A paid three-twen- 
tieths, B five-twelfths and C the remainder, which was 
$7800. What was the whole cost? Ans. $18,000. 

11. One^fourth of the contents of a cask leaked out ; ten 
gallons and a half were afterwards drawn out, when the 
cask was found to be two-thirds full. What was the whole 
content of the cask ? Ans. 126 gallons. 

12. A farmer's crop surpassed by 7 bushels the amount 
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he had sown. After selling half of his whole crop, he 
had 306 bushels left. How many bushels had he sown? 

An8. 605. 

13. A criminal, having escaped, travels 48 miles per 
day. After three days his route is discovered, and an 
officer, starting in pursuit, travels at the rate of 60 miles 
per day. How long befpre he overtakes the fugitive, and 
how far will they have gone ? 

Ans. 12 days, and 720 miles. 

14. A farmer has two flocks of sheep, each containing 
the same number. From one of these he sells 39 and 
from the other 93, and finds just twice as many remain- 
ing in one as in the other. How many did each flock 
originally contain ? 

If the answer to this question were known, we should 
prove it by subtracting first 39 from it, and then 93 ; we 
should then double this last remainder, and if it were 
equal to the first, the answsr would be right. 

To imitate this process, let x = the answer ; subtract- 
ing first 39 from a:, we have x — 39 ; subtracting next 
93 from it, we have x — 93 ; this last remainder, multi- 
plied by 2, should be equal to the first remainder, or 
a: — 39. 

The multiplication of a: — 93 by 2 is indicated by in- 
closing the a; — 93 in a parenthesis and writing the 2 out- 
side of it thus : 2 (a: — 93); we have then for the equation 
of the question 

a: — 39 = 2 (a: — 93). 

But how shall we multiply a: — 93 by 2 ? Since x is 
diminished by 93, if we multiply the x only by 2, the re- 
sult will be too great by 93 multiplied by 2. To express 
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the true product, therefore, from a; X 2, or 2 x, we sub- 
tract 93 X 2, or 186, and the equation becomes 

a: — 39 = 2 X— 186; 
from which we obtain x =z 147. 

If 149 — 7 x be multiplied by 3, how shall we indicate 
the product, and what will be its value ? 

Ans. 3 ( 149 — 7 x) =z 447 — 21 x. 

The same question in respect to the following : 

59 — X multiplied by 5. 

123 — 4 X multiplied by 7. 

254 — 7 X multiplied by 17. 

X — 73 multiplied by 13. 

5 X — 125 multiplied by 9. 

X — 39 multiplied by 8. 

X — 25 multiplied by 3. 

15. Divide the number 197 into two such parts, that 
four times the greater may exceed five times the less by 
50. Ans. The parts are 82 and 115. 

16. A certain sum is to be raised upon two estates, one 
of which pays 19 shillings less than the other; and if 5 
shillings be added to treble the less payment, it will be 
equal to twice the greater. What are the sums paid ? 

Ans. 33 and 52 shillings. 

17. Bought 12 yards of cloth for £10 14 5. For part 
of it I gave 19 shillings a yard, and for the rest 17 shil- 
lings a yaid. How many yards of each did I buy? 

Ans. 5 yards at 19 5. and 7 at 175. 

18. A courier who travels 60 miles a day had been 
dispatched 5 days when a second was sent to overtake him, 
in order to which he must go 75 miles a day. In what 
time will he overtake the former? Ans. 20 days. 
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19. A mercer, having cut 19 yards from each of three 
equal pieces of silk, and 17 from another of the same 
length, found that the remnants taken together were 142 
yards. What was the length of each piece ? 

Ans. 54 yards. 

20. \A. gentleman employed two laborers at different 
times, one for 8 shillings and the other for five shillings a 
day. Now the number of days added together was 40, 
and they each received the same sum. How many days 
was each employed ? 

Ans. The first 15, and the second 25 days. 
^1. Thjre are two numbers, one of which is four-fifths 
of the other ; but by subtracting 75 from each, the re- 
mainder of the larger is twice as great as the remainder of 
the smaller. What are the numbers ? Ans. 125 and 100. 

22. The sum of two numbers is 36 ; but when the 
greater is multiplied by 4 and the smaller by 3, the differ- 
ence between the two products is 32. What are the two 
numbers ? 

If one of the numbers, the greater for example, were 
known, in order to verify it, we should subtract it first 
from 36, this would give the less number; then three 
times the less, subtracted from four times the greater, 
should be equal to 32. 

To imitate this process, let x = the greater ; then 
36 — X will be the less ; four times the greater is 4 a:, and 
three times the less is 3 (36 — z) ; the latter product 
subtracted from the former should be equal to 32. Indi- 
cating this subtraction, we have for the equation of the 
question 4 a; — 3 (36 — a:) = 32; 

or performing the multiplication, 

4 a: — (108 — 3 a:) = 32. 
4 
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But how shall we perforin the subtraction required in this 
equation? It is evident that since 108 ought to be dimin- 
ished hj 3z before subtraction, if we begin hj subtracting 
108, we shall take awaj too mpch hj 3 x; we must add 
3 X, therefore, to the remainder thus obtained in order to 
have the true remainder. Performiug these operations, 
we obtain 4 a: — 108 + 8 « zr 32 ; 

whence x = 20. 

How shall we express the value of 100 — x subtract- 
ed from 3 Xy and what will be the value of the expression 
when reduced ? 

Ans. 3 a; — (100 — ar), which is equal to t a — 100. 
The same in respect to 

5 X diminished by 75 — 3 x, 

9 X diminished by 88 — 7 ar, 

100 diminished by 3 a; — 25, 

230 diminished by 75 — 4 x, 

84 diminished by 35 — 10 x, 

S X — 7 diminished by 7 a: — 50, 

45 a; + 20 diminished by 29 — 22 x. 

23. Divide the number 20 into two such parts, that 
twice the greater may exceed three times the less by 5. 

Ans. The parts are 13 and 7. 

24. The sum of two numbers is 40, and if the greater 
be multiplied by 3 and the less by 5, the difference of the 
products will be 24. What are the numbers? 

Ans. 28 and 12. 

25. The difference of two numbers is 25 ; and if twice 
the less be taken from three times the greater, the remain- 
der will be 80. What are the numbers ? Ans. 30 and 5. 

26. The sum of 75 dollars is to be divided between two 
poor persons, so that three times what one receives ex- 
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ceeds seven times what the other receives bj 91^. What 
did each receive ? Ans. 54 and 21 dollars. 

27. A man has a horse and chaise, which together are 
worth $400. Now if the value of the chaise be subtract- 
ed from twice that of the horse, the remainder will be the 
same as if three times the value of the horse be subtract- 
ed from twice that of the chaise. Required the value of 
each. -^ Ans. $150 and $250, respectivelj. 

28. A person at play won twice as much as he began 
with, and then lost 19 shillings. Ailer this he lost one- 
Mh of what remained, and then won as much as he began 
with, and counting his money found he had 80 shillings. 
What sum did he begin with ? 

Let z = the number of shillings he began with ; then 
3 a; = the sum he had after winning 2 x, and 3x — 19 = 
the sum remaining after the first loss. Now since he lost 
nejct one-fifth of this, he will have four-fifths of it remain- 
ing. One-fifth of 3 a: — 19 is expressed thus : 
3 a;— 19 

5 ' 

a line being drawn under the 3 a; — 19, and the divisor 
placed beneath it in the form of a fraction. Four-fifths of 

it will, therefore, be expressed thus: 11^ 5 ~ ^^) , 

5 

and we have for the equation of the question 

5 
whence, x = 28. 

29. A and B have together a fortune of $9,800. A 
puts out one-sixth of his money, B only one-fifth of his, 
when it is found that each has the same sum remaining on 
hand. What is each man's fortune ? 

Ans. A's $4,800 and B's $5,000. 
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30. Says A to B, I have $12 more than you, and two^ 
thirds of my money is equal to three-fourths of yours. 
How much money had each ? Ans. $108 and $96. 

SI. A man bought a horse and saddle ; for the horse he 
gave $180 more than for the saddle, and four times the 
price of the saddle was equal to two-fifths the price of 
the horse. What was the price of each ? 

Ans. Saddle $20, horse $200. 
32. Two men, A and B, set out on a journey, each with 
the same sum of money. A spends $40 and B $30 ; then: 
three-eighths of A's money, subtracted from five-sevenths 
of B's, equals one-fourth of what each carried from home* 
How much money had each on commencing the journey ? 
By the question, 

5 (a; — 30) _ 3 (x — 40) _ x 
7 8 4* 

Freeing from denominators, 

40 (x — 30) — 21 (x — 40) = 14 a: ; 
whence, 40 a; — 1200 — 21 a: + 840 = 14 a; ; 
from which we obtain x z^ 72* 

What is the value of x in the equation 

4 (ar — 10) _ 2 (a:— 15) _ ^^ 
5 3 

Ans. X = 135* 
What is the value of x in the equation 

3 (a: + 1 5) _ 4(x--20) _ ^x_ 
7 9 4 ' 

Ans. X = 20w 
What is the value of x in the equation 

5 (3 a: — 5) _ 3 (a; + 7) _ ^ ^ 
3 4. 

Ans. X z= 54J 
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33. A and B commence trade with equal sums of mon- 
ey ; A loses $90 and B loses $70, when it is found that 
three-fourths of what A has \eh exceeds two-thirds of what 
B has left bj $50. With what sum did they commence 
trade? Ans. $850. 

34. A vintner has two equal casks, full of wine ; he 
draws 20 gallons out of one and 30 out of the other, when 
he finds that three-fifths of what remains in the first ex- 
ceeds five-elevenths of what remains in the second by 30 
gallons. How many gallons does each cask hold? 

Ans. 195 galls. 

35. Two merchants commence trade, each with the same 
capital ; A loses $150, B gains $25, when it is found that 
one-half of what A has left exceeds one-fifth of what B 
now has by $16. What is the capital with which they 
commenced trade ? Ans. $320. 

36. Divide the number 30 into two such parts that the 
kss may be to the greater as 2 to 3. 

Two numbers are said to be in the proportion of 2 to 3, 
or simply as 2 to 3, when the first is two-thirds of the 
second, or the second is three-halves of the first, or which 
is the same thing, when twice the second is equal to three 
times the first. 

Let X = the less part ; then the greater will be , 

8 X 

and we shall have x + == 30. 

^ 2 

Ans. The parts are 12 and 18. 

37. Twa men found a purse containing $80, which they 
agreed to divide among themselves in the proportion of 3 
to 5, What was the share of each ? 

Ans. $3fO and $50. 
4* 
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38. A prize of 2000 guineas was divided between two 
persons, A and B ; their shares were in the proportion of 
7 to 9. What were their shares ? 

Ans. A's 875, B's 1125 guineas. 

39. Divide the number 44 into two such parts, that the 
greater, increased by 5, may be to the less, increased by 7, 
as 4 is to 3. 

Let X = the greater ; then 44 — x =: the less, and we 
shall have 3 (x + 5) = 4 (51 — x). 

Ans. The parts are 17 and 27. 

40. A bankrupt owed to two creditors S140 ; the dif- 
ference of the debts was to the greater as 4 to 9. What 
were the debts? Ans. $90 and $50. 

41. A father's age is to. that of his son as 5 to 2, and 
the diflference of their ages is 30 years. What are their 
ages ? Ans. 50 and 20 years. 

J. 42. A man's age, when he was married, was to that of 
his wife as 4 to 3 ; but after they had been married 10 
years, his age was to hers as 5 to 4. How old was each 
at the time of their marriage ? 

Ans. 40 and 30 years, respectively. 

43. It is required to divide the number 34 into two such 
parts, that the difference between the greater and 18 shall 
be to the difference between 18 and the less as 2 to 3. 

Ans. The parts are 22 and 12. 

44. Two men have now equal sums of money ; but if 
one gives to the other $40, the sum the former then has 
will be to that which the latter has as 4 to 9. What sum 
did they have at first? Ans. $104. 

45. A merchant in trade gained the first year $550, but 
the second year lost one-third of what he then had ; after 
which he found that his stock was to that with which he 



i 
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began as 7 to 5. What was the stock with which he be- 
gan? Ans. $500, 

^6. From two casks of equal size are drawn quantities 
which are in the proportion of 6 to 7; and it appears 
that if 16 gallons less had been drawn from that which is 
now the emptier, only half as much would have been drawn 
from it as from the other. How many gallons were drawn 
from each ? Ans. 24 and 28. 

j^47. Three men engaged in trade and put in stock in 
proportion to the numbers 2, 3 and 5 ; that is, as oflen as 
A put in $2, B put in $3 and C $5. They gained $750. 
What was each man's share of the gain,? 

Ans. A's $150, B's §225, C's $375. 

48. A cistern is supplied by two pipes : the first will 
fill it in thrqe hours, the second in four hours ; in how 
many hours will it be filled if both run together ? 

In order to verify the answer to this question, we should 
calculate what part of the cistern would be filled by each 
of the pipes in the given time ; the sum of these parts 
would be equal to the whole cistern, if the answer were 
correct. 

To imitate this process, let x = the time in which the 
cistern would be filled, if both pipes ran together. The 
capacity of the cistern being represented by unity, since 
the first pipe will fill it in thr^e hours, in one hour it will 
fill one-third of it, and in x hours it will fill rer-thirds of it. 
In like manner, in x hours the second pipe will fill a:-fourths 
of it. Then as these two parts of the cistern should be 
equal to the whole of it, we shall have for the equation 

of the question - -j- - =z 1 ; 

3 4 

whence a: = If . 

49. Two masons are employed to build a wall in which 
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there are to be 82 cubic feet. The first can build 7 cubic 
feet in &ye days, and the second 4 cubic feet in 3 days- 
In how many days can both together build the wall ? 

Ans. 30. 

50. Three men, A, B and C, are to build a certain fence. 
A can build it in 3 days, B can build it in 4 and C in 5 
days. How many days will they need to build the fence 
together ? Ans. 1^ days. 

51. A man and his wife did usually drink out a vessel 
of beer in 12 days ; but when the man was out, the ves- 
sel lasted the woman 30 days. In how many days would 
the man alone drink it out ? 

Let X z= .the* number of days; thfen the man would 
drink onc-a:th part in one day, and the woman one-thirtietb. 
The parts which each would drink in 12 days should be 
equal to the whole vessel. Ans. 20 days. 

XIII. The examples which follow will serve as an ad- 
ditional exercise upon the principles thus far explained. 
They are arranged, for obvious reasons, without regard to- 
the order in which these principles have been developed^ 

1. A father, taking his four sons to school, divided a 
certain sum among them. Now the third had 9 shillings 
more than the youngest, the second 12 shillings more than 
the third and the eldest 18^ shillings more than the second ; 
and the whole sum was 6 shillings more than 7 times the 
sum which the youngest received. How much had each ? 

Ans. 21, 30, 42 and 60 shillings, respectively. 

2. A sum of money was divided between two persons^ 
A and B, so that the share of A was to that of B as 5 to 
3, while it exceeded five-ninths of the whole by 50 pounds* 
What was the share of each person ? 

Ans. 450 and 270 pounds. 

3. A gentleman started on a journey with a certain sum 
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of money ; after having had $60 stolen from him, he ex- 
pended one-third of what he had left, and found that the 
remaining two-thirds wanted $90 to be equal to the sum 
he carried from home. How much money had he on 
commencing his journey ? Ans. $150. 

4. A person has a lease for 99 yenrs ; and being asked 
how much of it had expired, he replied that two-thirds of 
th9 time past was equal to four-fifths of the time to come. 
How many years had the lease to run? Ans, 54. 

5. A gentleman has two horses and a chaise worth 
$150. Now if the first horse be harnessed, the horse and 
chaise together will be worth twice as much as the second 
horse ; but if the second horse be harnessed^ the horse 
and chaise together will be worth three times as much as 
the first horse. What is the value of each horse ? 

Aks. $90 and $120. 

6. A laborer agreed to work for a gentleman a year 
for $72 and a suit of clothes ; but at the end of 7 months 
he was dismissed, having received his clothes and $32* 
What was the value of the clothes ? Ans. $24. 

7. A cistern has three cocks ; the first will fill it in 5 
hours; the second in 10 hours, and the third will empty it 
in 8 hours. In what time will the cistern be filled if all 
the cocks are running together ? Ans. 5f hours. 

8. A man wished to inclose a piece of ground with pal- 
isadoes. He found that if he set them a foot asunder, he 
should have too few by 150 ; but if he set them a yard 
asunder, he should have too many by 70. How many 
had he? Ans. 180. 

9. Some persons agreed to give sixpence each to a wa- 
terman for carrying them from London to Gravesend, but 
with this condition, that for every other person taken in 
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by the way three pence should be abated in their joint 
fare. Now the waterman took in three more than a fourth 
part of the number of the first passengers, in considera- 
tion of which he took of them but five pence each. How 
many persons were there at first? Ans 36. 

I 10. A sets out from a certain place and travels at the 
rate of 7 miles in 5 hours, and eight hours afterwards B 
sets out from the same place and travels the same road 
at the rate of 5 miles in 3 hours. How long and how far 
must A travel before he is overtaken by B ? 

Ans. 50 hours, and 70 miles. 

11. A cistern is filled in twenty minutes by three pipes, 
one of which conveys 10 gallons more, and the other 5 
gallons less than the third per minute. The cistern holds 
820 gallons. How much flows through each pipe in a 
minute? Ans. 22, 7 and 12 gallons. 

12« Divide 84 into two such parts, that if one-half of 
the less be subtracted from the greater, and one^ighth of 
the greater be subtracted from the less, the remainders 
shall be equal. Ans. 48 and 36. 

13. A thief is running away from a certain place at the 
rate of 15 miles in 4 hours. 24 hours later a constable 
is making afler him at the rate of 20 miles in 3 hours. 
In how many hours will the thief be taken ? 

Ans. 3|: hours. 

14. There are two numbers in the proportion of 5 to 
4 ; but if each be increased by twenty, the result will be 
as 9 to 8. What are the numbers ? Ans. 25 and 20. 

15. It is required to divide the number 91 into two such 
parts, that the greater being divided by their difference 
the quotient jjaay be 7. 

Ans. The parts are 49 and 42, 



PIB8T LESSONS IN ALGEBRA. 39 

16. A and B made a joint stock of £833, which after 
a successful speculation produced a clear gain of £153. 
Of this B had £45 more than A. What did each person 
contribute to the stock ? Ans. A £539, B £294. 

17. The joint stock of two partners, whose particular 
shares differed by $40, was to the share of the lesser as 
14 to 5. Required the shares. 

Ans. £90 and £50, respectiTelj. 

18. Two friends met a horse dealer leading a horse 
which they resolved to buy jointly. When they had 
agreed as to the price, they found that the one was able 
to pay only the 5th part, and the other the 7th part ; this 
they put together, and paid the seller there with on account 
$48. What was the price dT the horse ? Ans. $140. 

19. Divide the number 46 4nto two unequal parts, so 
that when one is divided by 7 and the other by 3, the 
quotients together may amount to 10. What are these 
parts. Ans. 28 and la 

20. An arithmetician desires his scholars to find a num- 
ber, which he has in his mind, from the following data : 
If, says he, you multiply the number by 5, subtract 24 
from the product, divide the remainder by 6 and add 13 
to the quotient, you will obtain this same number. What 
number, then, is it ? Ans. 54. 

21. A master hired a journeyman and promised him 8 
shillings for each day that he worked, for him ; but if he 
worked anywhere else, then the journeyman must pay 
him 5 shillings daily for his board. At the expiration of 
50 days they settle, and the journeyman receives 36 dol- 
lars and 2 shillings. How many days had he worked for 
his master ? Ans^ 36 days. 

22. A, B and C can perform a piece of work in 5 days. 
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A aloiie can 60 it in 12 days, and B in 15. In what time 
could C accomplish it ? Ans. 20 days. 

28. A and B commenced trade, A with twice as much 
money as B. A gained $20 and B lost $10 ; then the 
difference between- A's and B's money was $70. How 
much did each begin with ? Ans. A $80, B $40. 

24. Divide the number 80 into two such parts, that two- 
ninths of the greater shall exceed three-sevenths of the 
less by 5, What are the parts ? 



SECTION v. — Algbbbaic Opebations. 

XIV. A quantity consisting of one term only is called 
a simple quantity or monomial; thus 3 a, 6 b are simple 
quantities or monomials. 

If the quantity consists of two terms, it is called a bi- 
Tiomidl; thus a -\~ b^ x — y are binomials. 

If the quantity consists of three terms it is called a tri- 
nomial. In general, if a quantity consists of more than 
one term, it is called a polytunnial. 

The product of two quantities, a and b, we have seen 
js expressed by writing these quantities one after the oth- 
er, thus : ab. In like manner, the product of three 
quantities, a, b and c, is expressed thus : abc, and so on 
for any number of quantities. 

When two or more quantities are multiplied together, 
forming a product, these quantities are called the factors 
of the product. Thus a, b, c are factors of the product 
abc. 
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When the factors of a product are all equal, as in the 
case of the products aa^aaa^ &c., the product may be 
more concisely expressed. In order to this, we write one 
of the factors only, and at the right of this and a little 
above it we place a figure to denote the number of times 
it is repeated as a factor. Thus the product a a, in which 
a occurs ttoice as a factor, we write a\ The product aaa^ 
in which a occurs three times as a factor, we write a', and 
so on. 

When a letter is repeated as a factor, the product is 
called a power of that letter, and the degree of the power 
is indicated by the figure employed to denote the number 
of times it occurs as a factor ; thus a^ is called the second 
power of a, and is read a'second power. In like manner, 
a' is read a third power, and so on. 

The figure which denotes the power is called the ex- 
ponent of the power ; thus in o^, a", the 3 and 5 are the 
exponents of the power to which a is said to be raised. 

The exponent should be carefully distinguished from 
the coefficient, which is always placed at the left of the 
quantity and on the same line with it. Thus five times a 
seventh power is written 5 a'. 

A letter which has no exponent is regarded as haying 
unity for an exponent, in the same manner that a letter 
without a coefficient is regarded as having unity for a co- 
efficient. 

Quantities are said to be similar, when the literal fac- 
tors of which they are composed are the same; thus, 
Sab, 5 ab, are similar quantities. In like manner, 
7 a% 4 a^b are similar quantities. The quantities 7 a\ 
4 a^b are dissimilar, since the literal factors are not the 
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same in each, the letter a occoring once more as a factor 
in the former than it does in the latter. 

XV. We have, as has been seen in the preceding ex- 
amples, to perform in Algebra operations analogous to 
addition, subtraction, multiplication and division in Arith- 
metic, and which go by the same name. We now proceed 
to a more full explanation of these operations. 

ADDITION AND SUBTRACTION OF MONOBHALS. 

XYI. 1. Let it be required to add together the mono- 
mials ahybcycd. The quantities here being dissimilar, 
the addition can only be expressed by aid of the sign -|-, 
thus ab '\' ac -^bc, 

2. Let it be required to add 4 a'i, 7 c^b and 5 c^b. Here 
the quantities are similar ; and the c^bj it is evident, is 
taken 4 times, 7 times and 5 times. On the whole, then, 
it is taken 16 times, and we shall have 

4 ci»* + 7 a»i + 5 a'i = 16 d'b. 
In general, if the quantities are similar, the result is ob- 
tained by placing the sum of the coefficients before the 
literal factors. 

3. Add the monomials 3 c^b\ 5 o^^c, 9 c^I^c and 12 cfb^c. 

Ans. 29 c^h^c. 

4. Add the monomials 5 T^y, 7 a^y, 8 a^y and 20 a^y. 

Ans. 40 x^y, 

5. Add the monomials 10 a%, 1 c^bc, 8 cH'bHy 3 c^b c 
and abc. Ans. 18 aVc -^- 10 a^6 c -^- a 6 c. 

XVn. 1. Let it be required next to subtract 2 ab from 
B cd. The quantities being dissimilar, the subtraction 
can only be indicated by the sign — , thus 3 cd — 2 ab. 

2. Let it be required next to subtract 3 a^b from 5 a^b. 
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Here the quantities are similar, and 5 c^b less 3 c^b b 
equal, it is evident, to 2 a^6. 

In general, if the quantities are similar, the subtraction 
is effected by taking the difference of the coefficients and 
placing it before the literal factors, as the coefficient of 
the remainder. 

POSITIVE AND NEGATIVE QUANTITIES. 

XVm. Let it next be required to subtract 7 a*6 from 
6 afh. The subtraction here cannot be performed, since 
we are required to take a greater quantity from a less, 
which is impossible. From 5 a*6, however, we may take 
6 r ' a, quantity equal to itself, and then there will be 
left 2 a^ still to be subtracted. To denote this result, we 
place the sign — before the 2 cfb^ thus, — 2 a"6, and we 
say that if 7 a'6 be taken from 5 cfb^ the remainder will 
l)e — 2 a% that is, there will be left 2 a^b still to be sub- 
tracted. 

A quantity with the sign -f- before it is called a positive 
quantity. In algebra the sign -|- is always understood 
before quantities which have no sign before them. 

A quantity with the sign — before it is called a negative 
quantiti/y thus, — 5 cfb, — 9 a*6' are negative quantities. 
Negative quantities arise from the attempt to subtract a 
greater quantity from a less. They are, therefore, regard- 
ed as quantities still remaining to be subtracted. 

XIX. In algebra the signs + and — ^ are employed, in 
general, to denote quantities in precisely opposite circum- 
stances to each other, or which tend to produce opposite 
effects. Thus, in estimating the journeyings of a travel- 
er, if we designate the distances he goes east by the sign 
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-f-, we shall designate those he goes west, or in the oppo- 
site direction, by the sign — . 

In like manner, in estimating the amount of a man's 
property, his assets, such as bank stock, real estate, &c., 
we regard as positive, and his debts, or whatever tends to 
diminish his estate, as negative. The former we mark 
with the sign -\~, the latter with the sign — . 

1. A surveyor runs several courses ; on the first he 
makes 7 rods west, on the second 9 and on the third 13 
rods east, on the fourth 8 and on the fiflh 10 rods west. 
On which side is he of the point from which he starts, and 
what is the distance on an east and west line ? 

Begarding distance east as positive, the aggregate of 
the eastings and westings will be expressed thus : 
_ 7 + 9 + 13 — 8 — 10 = 22 — 25 z= — 3. 

The sign — in the result shows that the surveyor is 
west of his starting point, and the 3 shows that the dis- 
tance on an east and west line is three rods. 

If in this example we regard distance west as positive, 
distance east will be negative, and the sum or aggregate 
of the distances will be expressed thus : 

7 — 9 — 13 + 8 -f 10 = 25 — 22 z= + 3. 

The result is the same as before, the sign -f-» hi this 
case, indicating that the surveyor is west of his first po- 
sition, and the 3 indicating the distance west. 

Positive and negative quantities, it is evident, differ 
only in the sense or direction in which they are taken. 

2. A gentleman has real estate valued at $3,000, and 
bank stock valued at $2,500. He owes one creditor $700 
and another $1,900. What is he worth ? 

Ans. $2,900. 

3. A merchant has in goods $5,000, real estate $3,000, 
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rail road stock $2,500. But heWes one creditor $4000, 
another $6,000, and there is an incumbrance on his real 
estate of $1,500. What is he worth ? 

Ans. — $1,000. 

The sign — here shows that the merchant, instead of 
being worth any thing, is, on a settlement of his a&irs, a 
thousand dollars in debt. 

A negative quantity is sometimes said to be less than 
nothing. It is so in this sense only, that an equal positive 
quantity must be added to it to make the result eqaal to 
0. In the last example, the property of the merchant 
might be stated as $1,000 less than nothing. That is, he 
must, in some form, acquire $1,000, in order that he may 
be just out of debt, on the one hand owing nothing and 
on the other possessing no property. 

ADDITION AND SUBTRACTION OP MONOMIALS, SOME OP WmCH 
ARE POSITIVE AND OTHERS NEGATIVE. 

XX. The effects of a merchant are represented by the 
monomials 4 a, 5 a and 7 6, and his debts by the monomi- 
als 3 a, 5 6. What is the amount of his property ? From 
what has been said, his effects, it is evident, should be 
marked with the sign +, and his debts with the sign — ^ 
thus, — 3 a, — 5 6. The aggregate of his property will 
then be expressed thus: 

4,a + 6a + 7 b — Za — 6by 
or reducing, ^t becomes 6 a -f~ ^ ^* 

In obtaining in this manner, the value on the whole, or 
aggregate of the merchant's property, the debts, with their 
proper sign, may be considered as added with the effects. 
And in this point of view, it will be seen that the addition 
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of a negative quantity is the same as the subtraction of an 
equal positive quantity. 

From what has been done, we shall have, it is evident, 
the following rule for the addition of monomials affected 
with the signs -}- and — , viz.: Write the quantities (me 
after the other ^ toith their proper signSy taking care to re* 
duce terms which are similar. 

Ex. 1. Add the monomials 4 a*6, 5 ab\7 cfby — 7 ab% 
and — 3 a*6. Ans. Sa^b — 2 ab\ 

Ex. 2. Add the monomials 9 a'6^ — 7 a 6, 4 cfb\ bcd^ 
— Sab,7 ffb\ — 4 C(f and 10 ab. 

Ans. 20€?b^ + cd, 

Ex. 3. Add the monomials 3 a, — 5 a, 7 a, 2 6, — c 
and 4 b. Ans. 5 a + 6 6 — c. 

Ex. 4. Add the monomials, — 7 6, 3 a, 4 6, — 2 a, 
8 6, — 3 a and 2 a. Ans. 0. 

XXL A has property worth $2,000, B is Sl,000 in 
debt. What is the difference of their property ? It is 
evident that the difference is $3,000. For in order that 
B may be as well off as A in respect to property, he must 
first acquire $1,000 to pay his debt, and in addition to this 
$2,000 more. A's property is + $2,000, B's — $1,000, 
the latter subtracted from the former,' in order to obtain 
the difference, gives, therefore, $3,000. From this it will 
be seen that the subtraction of a negative quantity is the 
same as the addition of an equal positive quantity. 

The rule for subtraction will then be, change the sign 
of the guarUity to be subtracted and proceed as in addition. 

Ex. 1. Subtract — 5 0^6' from 7 a%\ 

Ans. 12a'6l 

Ex, 2. Subtract 4 a 6 from — 7 ab. 

Ans. — 11 ab. 

4* 
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Ex. 3. Subtract — 3 a"6 from — 9 cfb. 

An8.' — 6 a»6. 
Ex. 4. Subtract — 1 cd from — 4 cd. 

An8. 3 cd. 
The process by which several similar terms are united 
in one is called reduction^ or the reduction of similar 
terms. In order that a result may be left in the most 
simple state possible, all similar terms should be reduced 
to one term. 

ADDITION OP POLYNOMIALS. 

XXIT. Let it be required next to add the polynomials 
a-\-h — c and h — 2 c. The first polynomial is the 
aggregate of the monomials a, h and — c ; the second is 
the aggregate of the monomials ( and — 2c; the sum of 
'^ the two polynomials will be, therefore, the aggregate of 
the monomials a, 6, — c, 6, — 2 c. We shall have, then, 
for the sum required, 

a+6 — c+6 — 2c; 
• or reducing, a -{-2 h — 3 c. 

We have, therefore, the following rule for the addition 
of polynomials : Write the polynomials omje after the others 
with their proper signs, observing to simplify the result hy 
reducing similar terms, 

XXIII. The value of a polynomial will be the same in 
whatever order the terms are written, provided the proper 
signs are preserved; thus 17 — 8, and — 8 -|- 17 have 
both the same value, viz. 9. In like manner, 3 c a; — 9 a — 
5 6 is the same with — 9 a + 3 ex — 5 6, or with — 9 a 
— 5 6 + 3 c a:. Taking advantage of this remark, we may 
arrange the proposed polynomials so that their similar terms 
shall fall under each other, and thus facilitate their addition. 
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1. Let it be required, for ezampley to add the polyno- 
miab3a— 26-f4ca:, 7ca: — 3 6 + 8a,3ca: — 9a 
-—5 6. Writing the proposed so that the similar terms 
shall stand under .each other, thej may be prepared for 

addition thus: 

3a — 26-f 4cx 
8a — 3 b + 7 ex 

— da — 6b + Scx. 
2 a— 10 6 + 14 ex. 

Adding and reducing the terms which stand under each 
other, the result will evidently be as written above, 
2 a— 10 b + Ucx. 
Ex. 2. Arrange and add the following polynomials : 6 a 
-[-5y_66c, 76c + 4a — 6y, 12y + 7a — 3 6c 
and 15 y + 2 6c — 4 a. Ans. 13 a + 26 y. 

Ex. 3. Add the following polynomials : 8 a + 6, c — b 
+ 2a,5b — 3a + 2dy3d — eb — 3c,7c — 2d 
— 5a. Ans. 2a — 6-f-5c + 3e;?. 

Ex. 4. Add 7 x — 5y — d be, Bbc — 5x — 4y, 
3x + 7y — 46c, 3^c — 4a;— lOy. 

Ans. X — 2 y — 76c. 
Ex. 5. Add 5a+46 — 3ca:, 2ca; + 7a — 3 6, 
_ 3 a — 7 6 — 3 ex, and 5 6 + 9 a + 12 ex. 

Ans. 18 a — 6 -|- 8 ex. 
Ex. 6. Add ax — 4:ab'\-bd,3bd — 2ax+ ab, 
7 ab — 2 ax— bdmdib ab — 3 ax ^12 bd, 

Ans. 9a6 — 6ax+15 6rf. 
Ex. 7. Add 7x— 6y + 5« + 3— g 

— x — 3y —8— g 

— x+ y — 3z— 1+ 7 g 
— 2x + 3y + 32; — 1— g 

a; + 8y — 52r + 9+ g. 

Ans. 4x-f-3y + 2 + 5^. 
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SUBTRACTION OF POLTNOBHALS. 

XXIV . Let it be required next to subtract 4:ax-\'Bbc 
— 2 by from 7 ax — S be -{' S by. The subtraction, 
it is evident, will be effected, if from the minuend we sub- 
tract each of the terms of the subtrahend, regard being 
had to their signs. Performing the operation, we have 

7ax — 3bc + Sby — 4:ax — 3bC'\'2byi 
or reducing, Sax — 6Jc-j- ^0 by. 

The following will be the rule for the subtraction of pol- 
ynomials : Change aU the signs in the quantity to he sub- 
tracted and write it after the other ^ and then reduce similar 
terms. 

As in addition, the operation will be facilitated by writ- 
ing the polynomial to be subtracted directly under that 
from which it is to be taken, and so disposing the terms 
that those which are similar shall fall under each other. 

Ex.1. Yrom^ ax — 3by+A:dx,\;akQBdx — b\ax 
+ 4 J y. The polynomials may be arranged and the work 
performed as follows : 

8 aa: — Z by -\' A^dx 
— 5aa:-|- Aby -{- 3 dx. 

Ans. 13 aa: — 7 Jy + dx, 

Ex. 2. From 17 c« — (f + 14 a» — 4 y, take 8 a' -f 
2 &-{- 15 c' — d. Ans. 11 o' — 6 5» + 2 A 

Ex. 3. From 13 a — 2b + 9 c — 3d, take 9 c + 8 a 
+ 12 — eb — 10d. 

Ans. 5a+46+7<i — 12. 

Ex. 5. From 9 a *5^ — 9 aW -f 3, take (? — 3 a — 
9 a'b' — 9 a»J^ Ans. 3a + 3 — d. 

Ex. 6. From — 14 6 + 3c — 27(f + 3 — 5^, take 
7 a— 5c — 8(f + 36 — 12 + 7^. 

Ans. — 7 a — 17 J + 8 c — 19 ei + 15 — 12 ^. 
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XXV. Subtraction, as we have seeD, is indicated by 
writing the quantity to be subtracted within a parenthesis 
and placing the sign — before it ; thus a — 6 -j- ^ ^^^~ 
tracted from c -\- d ia written 

c -\- d —' (a — ft + c)- 
If we now perform the subtraction, the result will be 

c + rf — o + ft — c; 
or reducing, d — a + ft. 

If, then, in an expression of the form c + rf — (a — ft 
-}- c), we remove the parenthesis, the signs of all the 
terms inclosed within it must be changed. 

Ex. 1, What is the expression equivalent to 5 a"ft — 
S cd — (2 a*ft' — 4 c (?), the parenthesis being removed ? 
Ans. 5 a»ft — 3 erf — 2 a'ft* + 4 ccP. 

Ex. 2. Reduce to its simplest form the following ex- 
pression: 8 a'ft + 4 o'ft' — 3 aft' — (7 d'ft + 4 rfft^ 
— 5 aft*). Ans. a'ft + 2 aV". 

Ex. 3. What more simple quantity is equivalent to the 
following? 7 cd — 3ab + 4o"— (3 erf + 2aft 
+ 4 a"). . Ans. 4 e rf — 5 a ft. 

XX "VX A process the reverse of the preceding is some- 
times required. For example, what will be the equivalent 
expression for a -{- ft — c + rf, supposing tiie three last 
terms placed within a parenthesis with the sign -<- before 
it? Ans. a — (_ ft + c — rf). 

If we perform the operations indicated in this last ex- 
pression, it will return, evidently, to the former. 

What will be the equivalent expressions for the foUow- 
fa>g polynomials, supposing the last two terms in each plac- 
ed within a parenthesis with the negative sign before it? 

1. a* — ft' + c'. 

2. 3 0^5 _, 4 ^jj _^ 2 ^^ _ ^^4 

3. a»ft ~ 4 <i«ft* + 7 a»ft». 
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MULTIPLICATION OP ALGEBRAIC QUAKTiriXS. 
MOrrOMIALS. 

XXVII. 1. Let it be required to multiply 5 abhj 
Bed. The product, we have seen, will be expressed thus : 

5 ah X Bed. 
But since it is indifferent what order is observed among 
the factors, the product may be written thus : 

5X3 ahcd; 
or reducing, - 15 abed, 

2. Let it be required next to multiply 7 c^ft by 4 0*5*. 
The result, from what has been done, will be 
28 i^^tfh. 

In this result a occurs, it is evident, three times as a 
factor and also twice as a factor ; it on the whole occurs, 
therefore, ^ye times as a factor. In like manner, B oc- 
curring twice and once as a factor, occurs, on the whole, 
three times as a factor ; the result may, therefore, be ex- 
pressed more concisely thus : 28 a*ft*c. 

We have, then, the following rule for the multiplication 
of monomials, viz.: 1°. Multiply the co-efficients^ as in 
arithmetic. 2°. To this product annex aU the letters in 
each of t?ie factors, observing to give to each letter an ex- 
ponent equal to the sum of its exponents in the factors. 

XXVIII. In the preceding examples the quantities to 
be multiplied are each positive. 

1. Let it now be proposed to multiply — a by 6. Here 
the negative quantity, a, is to be repeated as many times 
as there are units in 6, that is, 6 times. The product will, 
therefore, be — ab, 

2. Let it next be required to multiply a by — 6. Here 
the quantity a is to be taken negatively b times. The 
result will be, therefore, as in the preceding case, — ab. 
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A traveler joumies at the rate of 10 miles a daj for 
7 dajs. If he goes toward the west, this direction heing 
regarded as positive, the distance traveled will be express- . 
ed by 10 X 7 =: 70. If he goes toward the east the dis- 
tance will be expressed by — 10 X 7 = — 70. 

3. Again, let it be required to multiply — a by — b. 
Here the negative quantity, — a, is to be repeated nega- 
tivdtfy that is, in a direction opposite to its sign ; the result 
will be, therefore, -{- ab. 

In general, if a quantity be repeated^ any number of 
times in the sense of its sign, the result will have the same 
sign with the quantity itself. But if it be repeated in a 
direction opposite to that of its sign, the result will have a 
sign the reverse of that of Uie quantity itself. 

We shall have, then, the following rule for the signs : 
If two quantities haoe like signs, that is, both -|- or both 
— , their product wUl have the sign -{-; but if the quanti- 
ties have unlike signs, that is, one -}- and the other — , the 
product wUl have the sign — . 

EXAMPLES. 

Multiply 1. a't'^ by a*6V. Ans. a'b''c\ 

2. —ba'bhhyTa^b-'cd. 

Ans. — 35 db'^'cH. 

3. — 9 a bhH by — 3 a'b\ 

Ans. 27 a%''c^d. 

POLYNOMIALS. 

XXIX. We pass next to the multiplication of polyno- 
mials. The multiplication of two polynomials, a -}- 6, 
c -}- rf, for example, is indicated by inclosing each of the 
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polynomials in a parenthesis and writing them one after 
the other, either with or without the sign of mnltiplicatioii, 
thns: (a + 3) X (c + d), or (a + 5) (c + d). 

1. Multiply a -f- i — chj m. The product, it is ev- 
ident, will he am'\' bm — cm. 

2. Multiply a-^ b — ehj d -{- e. Here the multipli- 
cand is to be taken d -^ e times, or, which is the same 
thing, d times -{- e times. We shall obtain the product, 
therefore, by multiplying a-^ b — c first by d and then 
by e and adding the partial products thus obtained. The 
operation may be performed as foUows : 

a-j- 3 — c 
d + e 

ad -^ bd — cd 

ae-\' be — ce 



ad-\- bd — cd -^ ae-^-be — ce. 
3. Multiply a + 3 — chj d — e. Here the multipli- 
cand is to be taken d — e times, or d times diminished by 
€ times. We shall obtain the product, therefore, if from 
d times the multiplicand we subtract e times the multipli- 
cand. The products, d times the multiplicand, e times the 
multiplicand, will be the same as above ; writing the latter 
with a change of sign, as it is to be subtracted, the opera- 
tion will be as follows : 

a + h — c 

d — g 

ad -^-bd — cd 

— ae — be -{- ce 



ad'\'bd — cd — ae — be-^^ce. 

If we examine the examples above with attention, it 

will be seen that the rule for the signs is the same, wheth- 

6 
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if the tenttB whidi am nbiltipUed togsUier stand akme or 
•ra imhedy bo as to form poijaomiidBi. The nile may bo 
briefly stated dms: Uke ngrU praducB 4^ wilftl« n^nt 
jiroAectf — • 

XXX. In the multiplieixtion of polynomial partial 
P^mNmAb may arise, wbieli are simikih These should be 
redncedy so that die result may appear in the most sinplo 
wnkm 

A ^ynomlal is said to be aiianged with r^ferenoe to 
some leitter, yAs&a its terms are written iki order aocordiag 
to the powers of thai letter, beginning either with the 
highest or the lowest power. The polynomial cfl^ -|- c?b 
— ad* + ^^» arranged with reference to the powers of 
the letter a, wilf stand thus: tf*6* 4- a^6 + 0*6' — ab\ 
or thus : — a 6* + aV + 0*6 + a*h\ In the first case, 
it is said to be arranpfcd in descending powers of the letter 
a; in the second, in ascending powers of the letter n 
The letter a, with reference to which the arrangement i^ 
made, is called the principal letter. 

To facilitate the multiplication of polynomials, the quan- 
tities to be multiplied should each be arranged accordin*; 
to the powers of the same letter, and the partial products 
should be so disposed that similar terms may fall under 
each other. 

XXXI. The following example illustrates fully the 
coarse to be pursued in the multiplication of polynomials. 

Let it be proposed to multiply the polynomial 
36«a — ft» + rf» — Sfta* 
by —2ba+if — ibK 

Arranging "with teftrenee to the descending powers of 
l!he letter ai the work will be as Allows ; 
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a*_36a* + 36V— Va* 

— 2Ja* + 6>V--. 6ya«-f ZVa 

— 4 tf a* + 1 2 W — 1 2 J^a + 4 >» 

a»_56a* + dfrV+ 5 6V — 10 6*« + 4 *•. 
Fit>iB what has been done, we bave the following rule 
for the multiplication of polynomials : 1^. Arrange thi 
proposed ptdynomuds according to the powers of the same 
ktter, 2**. Mtdtiply each term of the multiplicand hy each 
term of the jradtiplierj observing that if the terms are af- 
fkcted each vnth the same sign^ the product should hcpte the 
sign -)•; ha if mth different signs, the product should 
kuve the sign — . 3®. Add together the partial products 
thus obtained, taking care to unite in one^ terms which are 
similar, 

SXAMPLCS. 

Multiply 1. a? — S9:^ti^3zj^ — f 

by »* — 2a:y 4" ^« 

Ans. X* — 5x^4- lOay — 10xy+5a:^*-^y». 

by a? — 2 ary -j- 2/*- 

Ans. :i:* — 2»y + y*. 

3. 3a* — 7a»J + y 
by 2 a* — 4ai. 

Ans. Co'^ — 26a*&+28aV + 2rfJ*— 4aM. 

4. a» + a^J + a'*» + (^'b^ + ai* + J* 
by a — h. Ans. «• — V. 

5. Find the product of the four factors, 
a — 4 a:, a — «, a + ^ ancl a + 4 x. 

Ans. a' — l7aV + lQx\ 
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DIVISION OF AL6XBBAIC QUANTITIES. 
MONOMIALS. 

XXXn. Division in algebra, as in arithmetic, is the 
reverse of multiplication. In the latter, two factors of a 
product are given to find the product ; in the former, the 
product and one of the factors are given to find the pther 
fiu^tor. The divisor and quotient, multiplied together, 
should, therefore, reproduce the dividend. 

This being the case, it is evident, that if we can discover 
in the dividend the factors of the divisor, the quotient 
will be obtained by striking these factors out of the divi- 
dend. Thus, let it be required to divide ahcd hj hd. 
Striking out of the dividend the factors h and d of the 
divisor, we have a c left for the quotient. This is evident, 
for if we multiply achj hdy the result will he acbdf or^ 
which is the same thing, ahcd^ the dividend. 

2. If the divisor and dividend have coefficients, the 
coefficient of the dividend must be divided by the coeffi- 
cient of the divisor; the result will be the coefficient of 
the quotient. Thus, the quotient of 18 3 c d^ divided by 
3 3^ will be 6 c. 

Ex. 1. Divide ^ ahcxhj ^x. Ans. Zahc. 

2. Divide 25xyzhy 5xz. Ans. 5 y. 

3. 'DiYidel^adhxyhj2ahy. Ans. 7dx. 
8. Let it be required next to divide cfl^c by cfc. The 

dividend may be decomposed, it is evident, into the factors 
iifcfVc, Striking out from this last the factors of the di- 
visor, we obtain the quotient, a'ft'. The effect would be 
the same, if in respect to letters affected with exponents, 
the exponent of the divisor were subtracted from that of 
the dividend. Indeed, this should be the case, since in 
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mttHiptic«tioD the exponents of the same letter are added 
in order to prodooe the product. Thus, fft^ mult^lied 
by aV, gives c^Vc for the product. 

If the exponent of the divisor is the same as that of the 
dividend, the result will have for its exponent ; thus, 

But -— , it is evident, is equal to 1, since any quantity, 

a 
divided by itself, will give unity for a quotient. The 
ezpression a°, therefore, and, in general, any quantity with 
for an exponent, may he regarded as equioaleTU to unity. 

4. Let it be required next to divide — 8 (i^¥(? by 4 €t¥c. 
From what has been said, the quotient of 8 c^Vc^ by 
4 cPl^c is 2 a^h c. But since the dividend is affected with 
the sign — , what sign shall we give to the quotient ? The 
sign, it id evident, should be — , since the quotient, multi- 
plied by the divisor, should reproduce the dividend, and 
4 c^b^c multiplied by — 2 a^h c gives — 8 a'^ft'c*. In like 
manner, if — c^hc be divided by — ri'ft, the quotient will 
be cfc, since cfc, multiplied by — c^b, gives — o^b c. 

From what has been done, the following rule for the di- 
vision of monomials will be readily inferred, viz.: 

1®. Divide the coefficient of the dividend^ by the coeffi- 
cient of the divisor, 

2®. Strike out from the dividend the letters common to it 
and the diviser, when the erponents in each are the same; 
hut when the exponents are not the same, subtract the expo- 
nent of the letter in the divisor from that of the letter in 
the diMendy and write the letter in the quotient toith an 
exponent equal to the remainder, 

2^ Write in the quotiet^y with their respeetioee^qfonmts J 

the letters in the dividend nat found in the divisor, 

6* 
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4^ If the dwiMor and dividend have Uie signsy the quo^ 
tient should have the sign+; if they have different HgTts^ 
the quotient should have the sign — , 

EXABCPLEB. 

1. Divide 8 tfbVd by 4 a bV. Aks. 2 a«6 d. 

2. Divide 75 efb^c cP by 25 afb d. Ans. 5 Mh <P. 

3. Divide 120 a^6W« by — 10 a'6'aw. . 

Ans. — 12a^b*m7u 

4. Divide — 63 (fVa^i/ by — 9 o^feVy". 

Ans. 7 a*6V. 

5. Divide 9 mWa^ by 3 m wVy». 

6. Divide 150 a'^b''a*y'z by — 50 a'6Vy. 

7. Divide — 84 zYz by 7 a^^z. 

8. Divide — 906 nMx't^ by — 6 wVy. 

5. Let it be required next to divide 7 a^b hyScd, In 
this case the division cannot be performed. It may be 
indicated, however, by writing the divisor beneath the div- 
idend in the form of a fraction, thus : 

7 €fb 

3cd' 
Expressions of this form are called algebraic fractions. 

P0LTI7OMIALS. 

XXXni. Let it be required to divide a*b — a*c + rf6 
by o^. Reversing the process of multiplication, we divide 
each term of the proposed by a', which gives 0*6 — ac 
4- b fojr the qi^otient This, it is evident, is the true quo- 
tient, since if we multiply it by a', we reproduce the poly- 
nomial required to be divided. 

Ex.1. Divide8;B» — 4^4-2a;2^by2«. 

Ms. 4jf — 2a;* + Sf'. 
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Ex. 2. Divide 14 a'6— 21 aV + UaVhjlab. 
An8. 2a« — 3a6 + 2 4«. 

Ex- 3. Divide — 25 aa* + 75 a»a:* — 100 cfaf by 
25 aa?*. A»s. — 1 + 3 a a: — 4 a"ar». 

Ex. 4. Divide 9 a*6 — 27 a^6» + 36 aW by — 9 a»6. 

From what has been done, we have the following rale 
for the division of polynomials by a monomial: Divide 
each term of the polynomial by the mancmialy observing to 
give to each partial quotient^ a^ toe proceed^ the proper sigru 

XXXIY. Let the proposed next be two polynomials. 
In order to deterimine how to proceed in this case, let us 
notice more particularly the manner in which the product 
of two polynomial factors is formed. 

Let the proposed be 2 a" — 5 a'6 + ^ ^' ^^^ ^ ^ 
-|- 2 a 6. Performing the multiplication, the operation 
will stand thus : 

3a« + 2a6 

6 a* — 15a*6+ 3a»6* 

4o<6 — 10a'6" + 2a«6' 



6 a*— 110*6— 7ii»6« + 2oV. 
In this operation, we have multiplied each term of the 
multiplicand by each term of the multiplier, and the num- 
ber of partial products formed is, therefore, equal to the 
product of the number of terms in the multiplicand by 
the number of terms in the multiplier. But in conse- 
quence of the reduction of similar terms, the number of 
terms in the final product is less than the number of the 
partial products formed, the latter being six, the former 
four only. In these partial products there are two which 
are unlike any others, and being, therefore, incapable of 
redaction with others, appear without change in the final 
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product These are the term affeoled wilh tlie highest 
exponent of the principal letter in the multiplier an4 mulf 
tiplicand, and the term affected with the lowest exponent 
of this letter in each, viz., 6 d and 2 aW. 

This heing premised, let it now he proposed to divide 
6 a»— 11 a*6 — 7 a»ft» + 2 aW hy 2 a» — 5 a»5 4- aft». 

The work may be disposed as fbUows : the divisor being 
placed at the right hand of the dividend, and the quotient 
written in a line beneath it. 

2fl« — 5a«&-f aft' 



3a»+2flft 



6 a»— 11 fl*J — 7 a*i^ + 2 a*M 
6a'~15d*ft4-8a»y 

4tf*ft— 10a»ft^+2a'&' 

4 a'l — 10 fl»y 4- 2 g'y 
Regarding the dividend as the product of the divisor by 
the quotient, we observe that 6 a*, the term affected with 
the highest exponent of the letter a in the dividend, must 
be the partial product arising from the multiplication of 
2 0*9 the term aifected by the highest exponent of a in the 
divisor, by the term affected with the highest exponent of 
a in the quotient. We shall, therefore, obtain a term of 
the quotient by dividing 6 a^ by 2 a', which gives 3 a^ 
We have, then, 3 (3^ for a term of the quotient Multi* 
plying the divisor by this and subtracting the product from 
the dividend, we take out of the dividend all the partial 
products depending upon the divisor and first term of the 
quotient The remainder, therefore, must contain all the 
partial produi^ arising from the multiplication of the di- 
visor by the remaining terms of the quotient, and these 
only. This remainder, viz. 4 e^l -^ 10 <^V^ -4^ 2 o'S^f may 
be regarded as a new dividend ; aad reasoning upon this 
as befiore, the terra 4 a^ft, divided by 2 cf^ will give a new 
term of the qootient This u 2aft« MisdUplying the 
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diyisor by Has and sabtraetiiig fhe product fiK>m tbe dir- 
idend) the dividend is ezbausted^ and we have for the final 
qaotient Ba* ^ 2ab. This, it is evident, is the tnie quo- 
tient, since, multiplied by the diyisor^ it reproduces the 
dividend. 

The divisor and dividend being arranged with reference 
to some common letter, we have the following rule for the 
division of polynomials : 

1^. Divide the first term of the dividend hy the first term 
of the divisor^ and set the result^ with its proper sign, as 
the first term of the quotieTtt, 

2°. Mtdtzply the divisor by this first term of the quotient 
and subtract the product from the dividend. 

3®. Divide the first term of the remainder by the first 
term of the divisor^ place the result in the quotient with its 
proper sign, multiply and subtract as before, and continue 
the process untU the dividend is exhausted, 

EXAMPLES. 

1. Divide20a5J — 19a*ft»— 49a»*' + 75a"J*— 27aft» 
by 4a»J— 7flft«+ 3^. 

Ans. 5fl»4-4u?J — 9aV. 

2. Dividea?* + 2a:»y+2aY+2ary» + y* 

by « + y- -Aj^s- a^ + aV + ^^+^* 

3. Divide 6a* 4- 19 a*b + 22 a»y + 11 aft^ + 2 J* 
by 2(^+ Bab +V 

Ans. 3a« + 5aJ + 2y. 
XXXY. In the process of multiplicatioo, some of the 
terms, by reduction, may entirely disappear in the final 
result Thus if a?* -f- a:*y -f- a:^ -|- x^ -f y* be multi- 
plied hj x^-^y^ the product will be oi:' -~ ^, in which a 
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■unlier of the tenn arising io the mul 


tiplimtion do net 


i^pear, these terms haying been caneelled by recbetioti* 


Let it now be pn^osed to divide o^ •*- 


.y»b)ras — y. 


«•-,' 


X — y 




af-^ 


«' + a^y + «y + 


»=y' + y 


«v- 


-y 




a-y- 


ay-y* 






xtf*- 


-^ 




*y*- 


-f' 



Here the terms which reappear in the process of divi- 
sion are those which are cancelled in the process of mol- 
tipUcatioQ. 

EXAMPLES. 

Divide 1. i^+6».bya + 3. Ans. a» — aft -f y. 

Aifs. a' — 2 ax 4" ^• 
8. 643/* — 16a»a;» + a«by4«* — iax + o'. 
Ans. 16z*4-16aa:»+12<^a!»-f 4fl»a;-f a\ 

4. I — 18«* + 81it*by 1-f 6« + 9 2". 

Ans. 1 — 6a + 9 2*. 

5. tf* -.— y by a -— ft. 

Ans. fl* + a»ft + a»ft» 4- aft' + ft*. 

6. 81 ar* — 18a:« + 1 by 9 a:« — 6 a: + 1. 

Ans. 9 a:* + 6 X -|- 1. 

7. rf — 3aV + 3 a*a^ — a:* by a» 4- 3 a«x 
4-3aa5« + x». Ans. a» — 3a*x + 3aa:« — a?. 

XXXVI. Let it be proposed nest to divide a by 1 -^ a> 
The dividend is not divisible by the divisor. We may, 



, however, ttttirai{yt the division aocording to tlie toles which 
have been eitpkined, ani eontinue it at pleasure. 



a 


1— « 


a — tfjc 


o + aa; + oa:» + oa»-f- *** 





ax 

ax — a«* 



ao* — ax^ 

The operation, it is evident, would never terminate. 
The quotient in this case is called an hifinite seriei. From 
the terms already obtained, it is evident that each term^ 
after the first, is formed by multiplying the preceding term 
by X. This is called the law of the series. By means of 
this law we may continue the quotient at pleasure, withonC 
performing any more operations. 

At whatever point we stop, in order to complete the 
quotient, the remainder should be written over the divisor 
in the form of a fraction and annexed to the quotient. 

MtSCELLiiNSOUS EXAM7I.ES. 

Divide 1. 1 by 1 -|- a. 

Ans. 1 — a 4" ^' — a' -j- ®* — *^« 
2. a? — 7/'hjx-\-f/. 

Ans. a;» -*- ajy + f——^. 

S.af+i/'hjx+y, 

Aws. atf* — aiV + «?y — *y + ^• 
♦ 4. 2<^— 13a'^4- 31a*6 — 88ai» + 245* 
by2a«~8a6 + 4y. Ans. a« — 5a6-f-6y. 
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5. 81«»+16*« — 72tf«6«by9tf*+ l%4f» 
+ 43^. Ah8. 9a* — 12a«y + 4i«. 

6. a»4-tf*x — a»a:» — 7aV+6a:»bya«— a». 

Ahs. o^ 4" ^^ — ^ ^* 

7. 5a' — 22fl»3 + 12a*y — 6aW— 4a»i* 
+ 8a«y by 5 tf* — 2a»3 + 4a«A*. 

Ah8. a» — 4^6 + 26». 



SECTION VI.— Algebraic Fractiows 

XXX VJi, A fraction in algebra has the same signifi- 
cation as a fraction in arithmetic The denominator shows 
the number of parts into which the quantity taken as unity 
is divided, and the numerator shows the number of parts 

which are taken. Thus, in the fraction ~, unity is divided 

into h parts and a of these parts are taken. 

An algebraic expression, partly entire and pardy frac- 
tional, is called a ndxed quantity. 

The nature of the fractions being the same, the rules 
for the operations upon them will be the same* We shall 
merely subjoin these rules, with some examples under each. 

1. To reduce a mixed quantity to a fractional form. 

Rule, Multiply the integral part of the quantity by 
the deTunnmator of the fraction, and add the numerator to 
the product. The mm vnU he the numerator of the requir- 
ed fractioru 

Beduce the foUowmg quantities to a fractional form : 

a 



2. a' 4 . Ans. — -i— . 

^ c c 

3. a — 0? -I J — . Ans, — ; — . 

5. 8a6-?!-±if!*'. Ans. -4- 

ab ah 

a I ^ + ^ ^ 2a» 



a — X 

7. a' — ax 4- a^ ~ — . Ans. — -. — . 

' a + X a + X 

S.g. + y-'^-y' + y Aks.-?--. 

X — y y — X 

9. ««_a6 + ««_lj!-. Ans. .^:=:^. 

2. To reduce finctional ezpresaiGns to a mixed quantity. 

Rule. Divide the numerator hy the deTwminator, and 
annex the fractional remamier^ if any ^ to the quotient. 

Reduce the following fractional expressions to mixed 
quantities : 

1. . Ans. ih . 

a a 

. 27a?--8«»— 4a;4.9«» 
*• Oi 

' 9<r 

7 
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S. To redooe fiacCioiis to a co mm o n deDomioator* 
Bulb. IMHplyaU tie dtmrntMoUrs together fir a new 
rfcwmnfrMfffTx tr*^ ^^^ irf»rrrf rw^ Ay iig ^ ^enomtfiatofVy 
except tto imnhfor a new memeraiar. 

Bodaoe the foDowing fradioos to a ooaunoo denomina- 
tor: 

^ X X -X . 15x lOx ,6x 



ax — ah -ax4-a6 



8 «?- . 2* 



9a 4«^ 12<^ + 24a? 
12Tl2a 12fl 

If the den<Hninalor8 of the firactions have common £bm^ 
toiBy a resnlt may be obtained more simple than that de- 
rived from the nde. Thns, let it be required to reduce 



a— 6 i^ — Va + b 
If we multiply the first bj a -f. 6 and the third bye — hj 
the fractions will be reduced to a common dwiominatory 
a* — ^. This is the same as dividing their least common 
multiple by each of the denominators, and then mnltiply- 
ing both terms of each of the fractions respectively by 
the quotient. 

4. To reduce fractions to their lowest terms. 
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RiTLE. Divide hy any quantity that wiR eatactly divide 
hath terms of the fraction. 

Bedoce tbe fgUowing fractions (o their lowest tetms : 

1. ^. Ans. ^. 

a — X 1 

2. -= -J- Ans. — ;; — • 

ax + o^ . X 

or — y* a: — y 

2 a* — Igx— 6 . 2 

^' 3a? — 24a— 9* -^^- ? 

''•a»+2ia-fy' -^^- » + ^ • 

In general, to reduce fractions to their lowest tervs, we 
divide each term by the greatest common divisor. The 
method aboye is sufficient for t)ie purposes of thi&tt<eatise. 

5. MUI.TIFLICATI01T OT ABACTIONS. 

RvLB^. Multiply the numerates for a new numerator 
arid the denomiruitors for a new demmamUor. 

In the examples under this and the following rules, the 
results gifsen b j the rule are reduced to theur lowest terms. 

Multiply together the follbwing fractions : 

, ^€fh . 4.h A sy 

h 1 — T*^d=-^. Ans. = — j^ 

^ Acd 1 aH IcdF 

^ Sa 6a^ ^Uax . 9 a* 

and—r-T— Ans. 



■ Ahx' 5(f sy* 2^* 
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. 2» Sax • 8« . 12a:* 

6 4bb a Ob 

5. — = and — ^ — . Ans. — = . 

- « a? 4- 2 .a? — 2 . a^ — 4x 

jp — 4 s a:^ ~t~ a? 

7. a: = — and -. Ans. — ^ — . 

5 4 o 

-, , aa? , ax . ufa^ 

8, a H and x ; — . Ans. -= — -3. 

^a — X a + x a* — ar 

6. DIVISION OF FaA.CnON9. 

Rule. Jlkvert the divitar and proceed as in fnutHflica- 
Han. 

Divide the following fractions : 

- a^h ^ ah 
^'Td^Td 

7 ^ 14« 

, 8«+5 ^ 16x4-25 
5. -41:^ by .^^. 

2x 





15x_80' 
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' or — ar ■ a -^ x a -<|- x 

7. ABDITIOir OF FAA.CTI01IS. 

EuLE. jBflltte^ Me fractions to a common denominatar^ 
tkm add tkt mmeratprs and pbue tie nun ooer Am wm^ 

Add the following finctions : 

^ a . _ c '^ ad-Ubc 

2. B-> 7^ and -^. 

12lca'^5acx + 4iOah» 
^®- '"' 20^J^ ^• 

8. 3 x, a: 4- -T a^^ 4 a: -r- -^ Ans. 8 « — ^- 

4. — - — and ' — . Aics. - ^ ' ■ > 

a + 2f a — z ar — sr 

^ a J - 1 - aa^ — fta? + 1 

l+a:i — a? . 2 + 2a? 

6. ; ' and ^ t ' - Ans. --^ — -3. 

• and ". Ans. 



1 + a; 1 — a:* ' 1 — a?" 

X , X . 2a^4-* 

-and — r— tr. Ans. -j-j — ■ 5. 

aj — 1 a: + 2 ar -\- x — 2 



a z 

9. and 4 i? -4* — ; — w 

' z — l ~ z+ 2; 



Ans. 4g+ a , 5. 



7* 
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<i?— ii'a — a a + ** 

. ax + a + X 

8. BUBTKAcnoir OY YKAcnomu 

£uuu JZeciMOS tkefraetiant to a commn denamimatir; 
thim place the difference of the mtmerat^ 
denowttnustoT* 

h From -T-take -^. Axs. ^• 

2. FWiii^take-. Ans. ^^^:=:^. 

8. From ox take — ^ — . Ans. 5 . 

O D 

4. From — ! — rtake — ; — ?. Aiis. ^ 3, 

a — h a + * a" — Ir 

, _ 7a— 6^, 9a + 8 . 8a— 89 

5. From — 5 — take — == — . Ans. — tte — . 

8 5 15 

6. From — ; — take . Ans. — , ^ ^ 

7; From -^take^-j-^. Ans. -— .^y— 

y* — y y — 1 

Ans. ^ . 

y 

9. Prom6;c+i^^take2a + ?^.=i?. 

• lo 
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10. From 6 a H take 2 a H . 

'a ' « 

A 1 I S««+aa; — 4a« 

Ans. 4 a H ■ . 

' ax 

11. From k r — J — take r-^— — s. 

1— a:'l+« 1— ar 

10— 6x 

Ans. -~ -3-. 

1 — or 



SECTION VII. — Equations OF THE First 
Deoreb. 

XXXYm. The rules obtained in the preceding equa- 
tions are sufficient for the solution of all equations of the 
first degree. We proceed to some examples involving op* 
erations, chiefly fractional, a little more complicated than 
those which have thus far been required. 

1. A student spends a 7th part of his income forbookSy 
and the rest in his ordinary expenses ; could he, however, 
receive an addition of 8100 yearly, then he might spend 
a 5th part of his annual income in books, and still have 
940 more than before for his ordinary expenses. What 
was his income? Ans. 8700. 

2. I take a certain number, multiply it by 3f , take 60 
from the product, multiply the remainder again by 2^ and 
subtract again 30, when nothing remains. What is the 
number? Ans. 21. 

3. A person possesses a wagon with a medianical con- 
trivance, by which the difference of the number of revo- 
lutions of the wheels on a journey may be determined., 
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B 18 known diat each of the fiw^irlieels is 5^ and each of 
the hind^iwheels 7^ feet in drcianference. Now when in 
a joofnej the fore-^wheels have made 2000 revolations 
more than the hind-wheels, how great was the distance 
traveled? 

Let 0? r= the nomber of revolutions of the hind-wheels ; 
then X -f- 2000 = those of the fore, and we have x = 6600, 
whenoe the distance traveled will be 39900 feet. 

4. Ahoy had a certain nomber of pears and three times 
as many apples ; after having sold 10 pears and bought 
20 apples, he found that if he subtracted f of his number 
of pews from his number of apples, the remainder would 
be the same as if he subtracted one-half his number of 
apples from 5 times his number of pears. How many of 
each had he at first? Anb. 70 pears and tlO apples. 

5. A gentleman d^K>sited in bank a certain sum of moil<» 
ey. From this he drew a third part and then d^fk>sited 
t50. A short time after, he drew from the sum thus au^ 
mented the fourth part and again deposited $70. Aftar 
this, he found that he had in bank $120. What was th^ 
sum originaUy deposited? 

Let ar = the original sum; then -a-f- 50 = —^ 

= what he had in bank after ditiwing out the third part 
and depositing $50. Proceeding in like manner, we ob«. 
tain for the equation of the question 

whence x z=z 25. Ans. $25. 

6. A gentleman paid out ^of the money he had in his 
purse and then recdved 3 shillings ; agiEun he paid out ^ 
of what he then had and afterwards recd^ed 2 BbaOmgi ; 
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lasiijy he paid oat ^ of what he then had and found that 
he had 14 Bhillings left. How much had he at first? 

Ans. 24 «• 

7. A shepherd, driying a flock of sheep in time of war» 
meets with a company of soldiersy who plmider him oi 
half of his flock and half a sheep 0Ter> and a second, third 
and foorth company treat him in the same manner, eack 
taking half of the flock left by the last and half a sheep 
oyer, when but 8 sheep remained. How aaany sheep haiL 
he at first? Ahs. 143. 

8. A merchant increased his capital the first year by 
S200 more than the half of it, and in the second year by 
S300 more than one-half of what he had at the beginning 
of that year. He now found that his capital was three 
times as large as it was act first. What was it at first? 

Aks. $800. 

9. A person has a certain snm of mcmey placed to his 
credit Upon this he draws for 950 more than its half; 
upon the remainder he draws for $30 more than its fifth 
part, and again upon this last remainder he draws for 9120 
more than its fourth part He afterwards settles his ac- 
count and finds that he has only tlO left. What was the 
sum placed to his credit? 

X X — 100 
Let X z=z the sum ; then - — 50 = 5 = what 

he had left after the first draft. 

a: — 100 a: — 100 ^^ 4a: — 7 00 
And ^ j5 80= ^ 

= what he had left after the second draft. 
The equation of the question will then be 

whence x = 275. Ans. 9275. 
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10. A &diery djingt leaves Yua estate to be divided 
among bis tbxee cbildim in tbe following manner: the 
youngest diOd is toreceive 9200 and one-half of tbe remain- 
der ; the second is to receive one^fifth of tbe resadoe and 
11400; the eldest is to reeeive tbe remainder, which amounts 
toS520. What was tbe vahie of the estate? 

Am. 92500. 

11. Two persons* A and B, found a parse oontsiniiig 
doUan. A took from it 92 and tbe sixth of tbe vemain- 
der, after which B took from it 98 and tbe sixth of tbe 
Fsmainder, when it was fband that they bad taken from 
it eqoal soms. How modi money was there in the parse 
atfint? Ans. $20. 

12. A merchant adds yeaily to his cspitsl one^third, 
bat takes from it» at the end of each year, 91000 for hia 
expenses. At the end of tbe third year, after deducting 
tbe last 91000» he finds bimsdf in possession oi twice the 
SHBi be bad at first How snueh did be possess originaUy? 

Ans. $11400. 
13* Out of a certain soma B&aa paid his creditiMS 996; 
half of Hie remainder he lent bis friendi he then apeaik 
<me-fifth of what now remained, and, after all these dedoei* 
tions, bad one tenth of bis money left* How mnch had 
he at first? Ans. 9128. 

14. If 10 apples cost a penny and 25 pears cost two- 
pence, and I buy 100 apples and pears for nine^pence balf- 
p^ny, bow many of each diall I have ? 

Ans. 75 apples and 25 pears. 

15. A trader took fix>m bis capital, to meet bis expens- 
es, 950 a year for three years in succession, and, in each 
of those years, augmented that part of bis stock which 
was not so expended by one-tbird thereof. Attfaeendof 
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lOie third jear, hb origiBal capital -was doubled. What was 
Ihaftci^ihal? Ans. $74K). 

PROBLEMS AJTD EQUATIONS WITH TWO UZTKNOWN q^AJfTITIES. 

XXXIX. We have solved the preoeding equatioBs by 
ika aid of one anknown quanttlj only. It is often oonven- 
ient and even necessary to employ more than one on* 
ksio#n qsaality. 

1. The sum of two nambers is 70 and their difference 
is 10. What are the numbers ? 

This question naturally pvesents itself with two un- 
known quantities, viz., the two numbers required. Let 
us put X for the greater and y for the less. 

Then by tiie first conditiosi a; + ^ z=: 70, 
and by the second, a: — y = 10. 

If we now deduce the value of a; from the second equa- 
tion, we obtain a; = 10 -|- ^- -And if for x in the first 
equation we put its value, 10 -f- y, we obtain 10 -f- y 
•^ jr = 70, an equation which contains cmly one unknown 
quantity, and firom which we obtain y = 30. 

Putting, next, either in the first or second equation, for* 
y its value, BO^ we obtain a?= 40. Thus the two num- 
bers are SO and 40. 

2. Two purses together contain $250. If, now, $25 
are taken out of the first and put into the second, they 
will then contain each the same sum. How many dollars 
does each contain? Ans. $100 and $150. 

3. A boy bought a peach and 4 apples for 14 cents. 
He afterwards bought, at the same price, a peach and 7 
apples for 23 cents. What was the price of each ? 

Ans. 2 and 3 cents, respectively. 

4. Says A to B, give me $100 and I shall have as mud 
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•8 jou. No, 8BJB By give me, nthtf*, 9100, and then I 
shall have twice aa much as joa. Howmanj doUan had 
each ? Airs. A (500, B $700. 

5. Find two numbers such that the som of five times 
the first and six times theseoond shall be equal to 11, and 
the difference between three times the first and twice the 
second shall be equal to 5. 

Patting X and y for the numbers, the equatkms wifi be 

5x + 6y=ll 

3x — 2y= 5 
From the last equation we obtain 
5 + 2y 

X:zz — ■ ^ 

3 
Substitudng this valne <^ a; in the first equation 

From which we obtain y = f , and by substitution a? = 1 f. 

6. A draper sold 2 yards of broaddoth and 3 yards of 
velvet for $35 ; and afterwards he sold 4 yards of broad- 
doth and 5 yards of velvet for $65. What was the price 

• of each per yard ? Airs. $10 and $5. 

7. A gentleman purchased 7 pairs of shoes and 3 pairs 
of boots for $29. He afterwards purchased, at the same 
rate, 5 pairs of shoes and 2 pairs of boots for $20. What 
was the price of the shoes and boots a pair? 

Ans. The shoes $2, and the boots $5. 

8. A fanner sells to one man 3 cows and 5 oxen for 
$235. He afterwards sells to another, at the same rate, 7 
cows and 10 oxen for $490. For what did he sell each ? 

Ans. Cows at $20, and oxen at $35. 

9. After A had won 4 shillings of B, he had only half 
as many shillings as B had left. But if B had won 6 
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shillings of A, dien B would have had three times as 
manj as A would have had left How many had each ? 

Ans. A36^,B84«. 

10. The mast of a ship consists of two parts ; one third 
of the lower part added to one-sixth of the upper part is 
equal to 28 feet ; and 5 times the lower part diminished 
by 6 times the upper part is equal to 12 feet. What is 
the length of each part ? 

Ans, The lower 60, and the upper 48 feet. 

In solving the preceeding questions our first object has 
been to obtain, from the two equations with two unknown 
quantities given by the question, a single equation con- 
taining one unknown quantity only. This is called dim- 
mai^aiu The particular process already explained is call- 
ed dimination hy sid>stihUion. It consists in deducing the 
value of one of the unknown quantities from one of the 
equations, and substituting this value in the other. 

XL. 1. Let us take next the equations 
4a: — 7y == 34 
8 « + 3 y = 102 

From the first equation we have 



from the second x = 



4 
102 — 32^ 



8 

But since things which are equal to the same are equal 
to each other, we have 

34 -f- 7y 102— 3y 
4 ■"■ 8 
From which we obtain y = 12; whence a? = 5. 
The method of elimintation here employed is called 
8 
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«2im«»£tfi09t hif €ompari»on. It coiisibIb in flnding Uie 
Talae of one of the unknown quantities in each of the 
equationa, and then putting these values equal to each 
other. 

Ex. 2. Find by the same method the vahaes of x and f 
in the equatione 

a; + 15y = 53 
y+ 3a: = 27 

Aws. 05 = 8, y = 3 
Ex. 3. Find the Talnes of x and y in the eqoatiooa 
5a: + 4y = 68 
3a:4-7y=67 

Ans. a: = 6> y = 7. 
XLI. 1. Let it be proposed to eliminate one of the un- 
known quantities, y for example, from the following equa- 
tions 

x+ yz=220 
4a: — 3y=180 
If we multiply the first equation by 3, the coefficients 
of y in the two equations will be equal, and the equations 



3 x + 3 y = 660 
4a: — 3y=180 
Since the members of an equation are equal quanti- 
ties, if we now add these equations, member to member, 
the results will be equal, and we shall have 

7a? = 840 
an equation containing x only, and from which we obtain 
X = 120. 

2. Let it be required next to eleminate x fron the 
equations 

2a: + 3y=z31 
5a:-f.14y = 53 
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If we now multiply the first equation by 6 and the sec- 
ond by 2, the coefficients of x will be equal in the two 
equations, which become 

10x + 15y=i 155 
10 a? + 8y=106. 
On the same principle that we before added, if we now 
subtract ihe second of these equations from the fint, we 
obtain 7 y z= 49 ; 

whence y= 7. 

3. Let it be required next to eliminate x from the equa- 
tions 4 ar -f- 9 y = 51 

8a?_13y= 9. 
Here 4, the coefficient of a: in the first equation, is a fac- 
tor of 8, the coefficient of x in the second, the other factor 
being 2 ; if, then, we multiply the first equation by 2, the 
coefficients of x in the two equations will be equaL Per- 
forming the operation and subtracting the second equation 
from the firsti we obtain 

31y = 93; 
whence y = 3. 

4. As a fourth example, let x be eliminated trom the 
following equations : 

6a? + 8y=86 
15a; — 7y= 9. 
Here the coefficients of x have a common factor 3, the 
remaining factor in the first equation being 2, and in the 
second 5. If, then, we multiply the first equation by 5 
and the second by 2, the coefficients of a; in each will be 
equal, and we have 

30a; + 40y=180 
30a: — 14yz= 18. 
From these last we obtain y = 3, a; = 2. 
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The process of elimination here explained is called dwi- 
tnaticm by addition and subtraction. It consists in multi- 
plying one or both of the equations bj such number or 
numbers as will make th^ coefficients of one of the un- 
known quantities the same in both, and then adding or 
subtracting, according as the terms, the coefficients of which 
are made equal, have different or the same signs. 

In the application of this method, if the proposed equa- 
tions are not in the form of the preceding examples, thej 
must be brought to this state. That is, the equations must 
be freed from denominators, the unknown quantities col- 
lected each into one term on one side of the sign of equal- 
ity, and the known quantities collected in one term on 
the other. 

XLn. Either of the preceding modes of elimination 
may be employed at pleasure. In general, the latter will 
be found most convenient in practice. Whichever the 
mode employed, care should be taken to commence with 
the unknown quantity which is least involved in the equa- 
tions. 

1. Find the values of x and y in the equations 

ar+ y= 9 
3a:-f6y=35. 

Ans. a: = 5, y = 4. 

2. Find the values of x and y in the equations 

a? + 15 y = 53 
• 3a? + y = 27. 
' Ans. a? = 8, y = 3. 

3. Find the values of x and y in the equations 

2a:.f 3y= 17 
3 a: — 2y= 6. 

Ans. a: = 4, y = 3. 
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4 Find the Tallies of x and y in the eqiiati<»is ^ 

2 



* I - 



8 i 
4"'" 2 






Ajns. X = 12, y = 8. 

5. Find the values of x and y in the equations 

Ans. a; = 6, y = 12. 

6. Find the valnes of x and y in the equations 

^^ + 14=18 

^+16 = 19. 

Ass. X = 5, y = 2. 

7. Find the valaes of x and y in the equations 

2x + 3y x_ 

6 + 8 - ® 

7y — 3x 

Aks. a: = 6, y = 8. 

XLIII. The following questions will serve as an addi- 
tional exercise in the solution of questions by the aid of 
two unknown quantities. 

1. A gentleman has two purses. If he puts S8 into 
the first, then it is half as valuable as the other ; but if he 
takes the 88 out of the first and puts them into the sec* 
end, then this is worth 3 times as much as the first. What 
is the value of each purse ? 

Airs. The first $48, the second 8122. 

7* 
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2. Two numbers are given by the following properties. 
If the first be increased by 4, it is 3^ times as great as 
tlie second ; but if the second be increased by 8, then it is 
half as great as the first. What are the two numbers ? 

Ans. 48 and 16. 

3. A owes $1,200, B $2,500 ; but neither has enough 
to pay his debts. Lend me, said A to B, the 8th part of 
your fortune, and I shall be enabled to pay my debts. 
B answered, I can discharge my debts if yon will lend me 
the 9th part of yours. What was the fortune of each ? 

Ans. A's $900 and B's $2,400. 

4. A person has two large pieces of iron, whose weight 
is required. It is known that f of the first piece weigh 
96 lbs. less than f of the other piece, and that f of the 
other piece weigh exactly as much as f of the first. How 
much did each of these pieces weigh ? 

Ans. The first 720, the second 512 lbs. 

5. Said a lad to his father, how old are we ? Six years 
ago, answered the latter, I was one-third more than three 
times as old as you ; but three years hence, I shall be 
obliged to multiply your age by 2^ in order to obtain my 
own. What is the age of each ? 

Ans, The father 36, the son 15 years. 

6. There is a fraction such, that if 1 be added to the 
numerator, its value becomes ^, and if 1 be added to the 
denominator, its value becomes j-. What fraction is it? 

Let a: z= the numerator and y = the denominator. The 

fraction will be -, and we shall have for the equations of 

the question — ^ — =z -, &c. 

y 8' 
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7. It is required to find a fraction such, that if 3 be 
subtracted from the numerator and denominator, it is 
changed into ^, and if 5 be added to the numerator and 
denominator, it becomes ^. What fraction is it ? 

Ans. ^. 

8. Two clerks, A and B, send ventures, by which A 
gained $20 and B lost $50, when the former had twice as 
much as the latter ; but had B gained $20 and A lost $50, 
then B would have had 4 times as much as A. What 
sum was sent by each? Ans. A sent $80, B $100. 

9. A and B engage in trade. A gains $1,500 and B 
loses $500, when A's money is to B's as d to 2 ; but had 
A lost $500 and B gained $1000, then A's money would 
have been to B's as 5 to 9. What was the stock of each ? 

Ans. A's $3,000, B's $3,500. 

10. A certain number, consisting of two places of fig- 
ures, is equal to 7 times the sum of its digits, and if 18 
be subtracted from it, the digits will be inverted. What 
is the number ? 

Let X == the figure in the place of tens, t/ that in the 
place of units ; then the number will be 10 a; -^ y, and we 
shall have for ilie equations of the question 
I0x-\'y=z7 (x + y) 
10x + y—U = 10y + x. 

Ans. 42. 

11. A certain number consists of two figures, the sum 
of which is 8, and if 36 be added to the number, the dig- 
its will be inverted. What is the number? Ans. 26. 

12. Bought linen at 60 cts. per yard and muslin at 15 
cts. per yard, amounting in all to $11 40. I afterwards 
sold i of the linen and ^ of the muslin for $3 89, having 
cleared 29 cents by the bargain. How many yards of 
each did I purchase ? Ans. 15 of linen, 16 of mullin. 
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13. Parchased 25 lbs. of sugar and 36 lbs. of coffee for 
$8 04 ; but the price of each having faUea 1 cent p^ 
pound, I afterwards bought 2 lbs. more of the first and 3 
lbs. more of the second for the same money. What was 
the prioe of each? Ans. Sugar 12 cts.» coffee 14 cts. 

14. Bought 10 cows and 15 sheep for $215. I after- 
wards purchased 5 cows and 7 sheep for $107 50, the eows 
costing $1 a head more, and the sheep 50 cts. less than 
before. What were the prices of the first lot? 

Ans. Cows $17, sheep $3. 

15. What fraction is that, whose numerator being doub- 
led and Hie denominator increased bj 10, the value be- 
come ^ ; but the denominator being doubled and the nu- 
merator increased bj 5, the value becomes i ? 

Ans. f . 

16. Not long since, the bushel of rje was 4^ cents, and 
the bushel of wheat 90 cents cheaper than thejr are now ; 
then the price of rye was f that of the wheat ; thdr pres- 
ent prices are as 7 to 12. What is the present prke of 
each ? Ans. Bye $1 26, wheat $2 16. 

17. A grain dealer makes a mixture of bariey and oats. 
If he mixes 5 bushds of barley with 4 of oats, the mix* 
ture is worth 60 cents a bushel ; if he mixes 7 bushels of 
barley with 3 of oats, the mixture is worth 66,5 cents a 
bushel. What is the cost per bushel of the barley and 
oats? Ans. The barley 80 cents, the oats S§ cents, 

18. A wine merchant has two kinds of wine. If he 
mixes 3 gallons of the worst with 5 of the best, the mix- 
ture is worth SI per gallon ; but if he mixes 3^ gallons of 
Che worst with 8} gallons of the best, then the mixture 
is worth tl 03i per gallon. What does each wine coet 
per gallon? Ans. The best $1 12, the worst 80 c&nta. 

19. 34 lbs. of inmc lose 5 lbs. when immersed in water, 
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and 17 lbs. of tin lose 2 lbs. in water. A composition of 
zinc and tin, weighing 136 lbs., loses 19 lbs. in water. 
How much does this composition contain of each metal ? 

Let X = the number of lbs. of zinc, y = the number of 
IbSy of tin ; then x -{' y =z 136. And since 34 lbs. of 
zinc lose 5 lbs., 1 lb. will lose ^^, and x lbs. will lose ^ x 
lbs. In like manner, y lbs. of tin will lose ^y lbs., and 
we have ^ a? -(- ^^ y = 19. 

Ans. 102 lbs. tin and 34 lbs. zinc. 

20. 77 lbs. of gold lose 4 lbs. in .water, and 21 lbs. of 
silver lose 2 lbs in water. Now if a composition of gold 
and silver weighing 24^ lbs. lose 1^ lbs. in water^ how 
many lbs. does it contain of each metal ? 

Ans 19 j lbs. of gold, and 5^ lbs. of silver. 

21. Hiero, King of Syracuse, having ordered his jew- 
eller to make him a crown of gold, and suspectii^ that 
he had put some silver in it, directed Archimedes to ex- 
amine it When weighed in water, it was found to lose 
1^ lbs. Bequired the number of lbs. of silver it con- 
tained, supposing that 19.64 lbs. of gold lose 1 lb. in wa- 
ter, and 10.5 lbs. silvef lose 1 lb. in water. 

Ans. 5.22.... 

PROBLEMS AND EQUATIONS WITH MORE THAN TWO UN- 
KNOWN QUANTITIES. 

XLIY. 1. A mercer has 3 pieces of silk. He sells 2 
yards of the first, 3 of the second, and 4 of the third for 
S19 ; again he sells 3 yards of the first, 2 of the second, 
and 1 of the third for $11 ; and again 5 of the first, 4 of 
the second, and 3 of the third for $23. At what price 
per yard did he sell from each piece ? 
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Thia question presents itself obviouslj with three un- 
known quantities. Let x represent the priee per yard of 
the firsts y of the second, and z of the third. Then b j the 
question 

2a:+3y + 4z = 19 

3a: + 2y + 52:=:21 

5x4-4y-|-3z=:23 

If we now multiply the first of these equations by 3 

and the second by 2, and subtract the latter from the 

fi»iner, we obtain 

5y + 22=15 
Again multiplying the first by 5 and the third by 2, 
and subtractings we obtain 

7 y + 14 2 = 49 
We now have two equations with two unknown quan- 
tities (mly. Eliminating from these, as in the preceding 
ezampleSy we obtain y =. 2fZz=: 2.50, and substituting 
these values for y and 9 in the first equations, we obtaiB 
« = 1.50. The prices are therefore, $1.50, $2» and $2.50 
respectively. 

EXAMPLES. 

1. Find the values of x, y and z, in the equations 

a? 4- y+ 2r = 15 
x+iy + 3z=i2B 
a;4-3y-f42: = 28 

Ans. « = 10, y = 2, 2f = 8. 

2. Find the values of a;, y and z in the equations. 

a?+ y+ 2r= 9 
a;^3y — 3»= 7 
x-^4:y+Sz=z8 

Ans. a = 4, y =: 3, « s= 2. 
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3. Find the vahies of x, y and z in the eqHa(i<ma 

2X'\'%y-^4tz:=si 28 

5a: — 8y + 4«z=81 

Ans. o; = 5, ^ = 2y 2r = 3. 

4. Find the values of x^ y and z in the equations 

2 

3a:-f.2y — 5z = 8 

^±nly+ z^2 

Ans. a: z= 3, y = 2, 2f = 1. 

5. Find the yahies of x^ y and z in the equations 

2a;+ y^7z = 
4a; — 6y + 2«=0 
2a:^3y — 9z = 4 

Aks. a;=5, yr=4,2; = 2. 

2. Any number of unknown quantities may be employ- 
ed as oonvenience may require, provided there are as many 
distinct conditions in the question as there are unknown 
quantities employed. From what has been done, the 
mediod of resolving the equaticms will be readily infer- 
red. Thus, if there are four equations with four unknown 
qpiantitieSy we combine the equations, two by two, unti^ 
one of the unknown quantities is eliminated from the 
whole ; we then have three equations with three unknown 
quantities. In the same manner, as in the preceding 
examples, we next combine these, two by two, until one of 
the unknown quantites is eliminated, and so on. The 
process is altogether similar for five or more equations with 
the same number of unknown quantities. 
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Ex. Find the values d x,y,z and % in the following 
equations : aj + y — z -^'UzziS 

X — y -{- z -^u =z 6 

ai, — y — « -|- tt = 4. 
Ans. a; = 3, y = 2, » = 1, «^ = 4. 
XLY. We pass to the solution of some questions, in- 
volving more than two unknown quantities. 

1. A wine merchant has three kinds of wine, which he 
sells to his customers at the same price. To A he sells a 
gallon of each for $4 50 ; to B, two gallons of the cheap- 
est, three of the second and one of the first quality for 
$8 50 ; to C, one gallon of the cheapest, two of the second 
and three of the first quality for SIO. What was the price 
of each per gallon. Ans. S1,S1 50 and S2, respectively. 

2. A grocer has three kinds of tea. When he mixes 
together 2 lbs. of the first, 4 lbs. of the second and 2 lbs. 
of the third kind, the mixture is worth 77 j^ qpnts a pound ; 
when he mixes together 5 lbs. of the first, 2 lbs. of the 
second and 3 lbs. of the third, the mixture is worth 83 
cents a pound ; and when he mixes 3 lbs. of the first, 2 lbs. 
of the second and 5 lbs. of the third kind, the mixture is 
worth 75 cents a pound. What is the worth g£ a pound 
of each? Ans. $1 00, 75 cts. and 60 cts., respectively. 

3. A, B and C purchase sugar, cofifee and tea at the 
same prices. A pays $4 20 for 7 lbs. of sugar, 5 lbs. of 
cofiee and 3 lbs. of tea ; B pays $3 40 for 9 lbs. of sugar, 
4 lbs. of cofiee and 2 lbs. of tea ; G pays $3 25 for 5 lbs. 
of sugar, 2 lbs. of coffee and 3 lbs. of tea. What is the 
price of each per pound ? 

Ans. Sugar 10 cts., cofiee 25 cts. and tea 75 cts. 
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4. Find two numbers such that their sum shall be 60 ; 
one-half of the first, one-third of the second and one-fifth 
of the third shall be 19 ; and twice the first, with 3 times 
the difference between the second and third, shall be 50. 

Ans.. The numbers are 10, 30 and 20, 

5. A and B possess together only | of the property of 
C ; B and C have together 5§ times as much as A ; if B 
were $400 richer than he actually U, then he would have 
as much as A and C together. How much has each ? 

Putting X, y and z for their fortunes respectively, from 
the first condition we have a: -(- y = far, 
or a: + y — §2? = 0, &c 

^s. A $120, B $200 and C $480. 

6. To find three numbers such that the first with ^ of the 
sum of the second and third shall be 119 ; the second, with 
i of the difference between the third and first shall be 68, 
and j- of the sum of the three numbers shall be 94. 

Ans. 50, 63 and 75. 

7. A, B and C, together, possess $1500. If B gives 4- 
$200 of his money, then A will have $280 more than B ; 
but if B receives $180 from C, then both will have the 
same sum. How much has each ? 

Ans. a $300, B $420 and C $780. 

8. Three persons have to pay a debt of $1350. Neith- 
er of them can pay it alone, but when they unite, it can 
be done in either of the following ways: 1st, by B's put- 
ting i of his property to all of A's : 2dly, by C's putting 
f of his property to that of B's, or by A's adding f of his 
property to that of Cs. How much did each possess ? 

Ans. a $1,250, B $900, C $600. 

9. Three persons, A, B and C, compare their fortunes. 
Says A to B, give me $700 of your money, and I shal} 
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have twice as much as you retain ; says B to C, give me 
$1400, and I shall have thrice as much as you have re- 
maining; says C to A, give me $420, and then I shall 
have five times as much as you retain. How much has 
each? Ans. A $980, B $1540, C $2380. 

qUESTIONS PRODUCING NEGATIVE RESULTS. 

XL VI. From the nature of negative quantities, we have 
seen that the addition of a negative quantity is the same 
as the subtraction of an equal positive quantity, and that 
the subtraction of a negative quantity is the same as the 
addition of an equal positive quantity. It follows from 
this, that addition in algebra does not always, as in arith- 
metic, imply augmentation, but, on the contrary, either 
augmentation or diminution, according as the quantities to 
be added are positive or negative. So, likewise, subtrac- 
tion does not always imply diminution, but, on the contra- 
ry, either diminution or augmentation, according as the 
quantities to be subtracted are positive or negative. 

Let now the following questions be proposed. 

1. The length of a certain field is 12 rods and the 
breadth is 8 rods ; how much must be added to the length, 
that the field may contain 40 square rods ? 

Let X = the quantity to be added ; 
then 96 + 8a: = 40; 

whence x =z — 7. 

The answer is — 7 rods. This is a true answer to the 
question in the algebraic sense of addition. For if we 
substitute in the equation for x its value, — 7, we obtain 
96 — 56 z= 40, a true equation. The enunciation, how- 
ever, intends an arithmetical addition, and in this sense 
the question involves an absurdity ; since it requires that 
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something should be added to 96 to make 40, when 96 is 
already greater than 40. This absurdity leads to the neg- 
ative result and is indicated by it. 

If now for X in the equation we write — x^ the equation 
becomes 96 — x z=i 40, which will be the equation of the 
question, modified thus : 

The length of a certain field is 12 rods and the breadth 
is 8 rods ; how much must be stibtracted from the length, 
that the field may contain 40 square rods ? 

Resolving the equation of the question, thus modified, 
we obtain x = 7. Here the answer is positive, and sat- 
isfies the question in the exact or arithmetical sense of the 
enunciation. 

2. The length of a certain field is 13 rods and its breadth 
7 rods ; how much must be subtracted from its length, that 
the field may contain 119 square rods? 

Let X = the quantity to be subtracted ; 
then 91 — 7a; =119; 

whence • x = — 4. 

The answer is — 4 rods. Putting — 4 for a? in the 
equation, it becomes 91-{-28==119, a true equation. 
But as an arithmetical subtraction is intended in the enun- 
ciation, the question involves an absurdity, since we are 
required to subtract something from 91 to make 119, when 
91 is already less than 119. If, however, we put — a: for 
X in the equation, it becomes 91 -j- 7 a: = 119, which will 
be the equation of the question, modified thus : 

The length of a certain field is 13 rods and its breadth 
7 rods ; how much must be added to its length, that tiie 
field may contain 119 square rods? 

Eesolving the equation of the question, thus modified, 
we obtain a: = 4, a positive answer, and which satisfies 
th# question in the sense of its enunciation^ 
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8. A laborer wrought for a person 12 days, and had 
his son with him 7 dajs, and received 46 shillings. He 
afterwards wrought 8 days, having his son with him 5 days, 
and received 30 shillings ; how much did he earn per day 
himself, and how much did his son earn ? 

Let X = the daily wages of the man, and y that of the 
aon ; then by the question 

12a;-h7y = 46 
8a;4-5y = 80. 

Resolving these equations, we obtain x-zzh^yr^ — 2. 

If we now substitute for x its value, 5^, in these equa* 
tion3> tiiey become 60 -f- 7 y = 46 

40-f 5yz=30; 
equatMHis which are evidently absurd, since it is required 
to add something to 60 to make 46, and to 40 to make 80. 
If, however, we put — y for y in the equation^ thjey be- 
come 12a; — 7^1=46 
%x—hyz=i 30. 

The negative value, therefore, obtained for y, show& that 
the allowance made for the son, instead of augmenting the 
pay of the laborer, is a charge placed to his account. 
The equations obtamed by the substitution of -^ ^ for y 
QQrrespond to the question, modified thus : 

A laborer wrought for a person 12 day% and had his 
son with him 7 days, at a certain expeme^ and received 46 
shillings. He afterwards wrought 8 days, and had his son 
with him 5 days at expense, as before, and received 30 
shillings. How much did the laborer earn per day, and 
how much was charged him per day on account of his son ? 

Resolving the equations corresponding to the question^ 
thus modified, we obtain a; = 5, y = 2. 

4. What fraction ia that, from the numerator of which 
if one be subtracted, the value of the fraction will b%f » 
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but if one be subtracted from the denominator, the value 
will be f . 

Putting X for the numerator and y for the denominator 
of the fraction, we shall have by the question 
X — 1 _ 4 X _ 3 

~7~ - 7' y _ 1 - 8' 
From these we obtain x =i — 3, y = — 7. 
Here the values of x and y are both negative. If now 
we put in the equations, — a?, — y for x and y, respect* 

ively, they become 

— x—1 __ 4 —x ___ 3 

— y " 7' —y — 1 - 8' 
or, since we can change all the signs in the numerator and 
denominator of a fraction without altering its value, 
x + 1 _ 4 X _ 3 
y ^ 7' y + 1 ~ 8' 
equations which correspond to the question, modified thus : 

What fraction is that, to the numerator of which if 1 
be added, the value of .the fraction will be ^ ; but if 1 be 
added to the denominator, the value will be f . 

From what has been done, we see that a negative re- 
sult indicates some absurdity in the enunciation of the 
question, arithmetically considered, and at the same time 
shows how to remove the absurdity, by rendering certidn 
quantities additive^ which in the question were regarded 
as subtractive, or by rendering certain quantities mbtract' 
we, which in the question were regarded as additive. 

We see,. also, that in order to rectify the question, we 
change in the equations the signs of the quantities found 
to be negative, and then make the conditions of the ques- 
tion correspond to these equations. 

5. A father is 5$ years old and his son 16. In how 
^ 9* 
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many years will; the son be oae*&urth as old as the father? 
Resolving the question, we obtain — 3 for the answet* 
The question should have been, how many years agp was 
the son one-fourth aa old as the father? 

6. What number is that whose fifth, part exceeds its 
fourth part by 15 ? 

The negative answer shows that the question should 
be, what number is that whose fourth part exceeds its fifth 
part, <&c. 

7. Two persons, A and B, comparing their fbrtunes^ 
find that A's is to B's as 2 to 5 ; they gain each $40, when 
A's money is to B's as 4 to 7. How much money had 
each? 

The negative answer shows that the persons were com* 
paring their debts, instead of their money in hand. 

8. A father is 45 years old and his son 15 years ; when 
will the father be 4 times as old as his sob ? 

The negative answer shows that the father uMtf. four 
times as old as his son some years ago. 

9. A cistern has three cocks; the first will fill it in 5 
hours, the second in 8, and by the third it will be emp- 
tied in 3 hou]i3. In what time will it be filled if all three 
run together ? 

The negative answer shows that the cistern should be 
supplied by the discharging cock and emptied by the other 
two. 

10. Let the learner now explain the negative answers 
in this and the following questions. 

A has $150i B $120 ; they each receive a certain sum, 
when it is found that A's money is to B's in the propor- 
tion of 3 to 2. What did each receive ? 

11. Two gentiiemexir comparing theit fortones, says A 
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to By if the akmoont: of my mooej be divided bj yours^^tho- 
qvotieDt: will be f ; but if we lose each $1000, the qaotient 
will be f . What was the fortune of each ? 

12> A courier starts from a oertain place and travels at 
the rate of 43 miles a daj ; ten. d&ys afler^ he is pursued 
by another, starting from the same place and traveling at 
the rate of 34 miles a day« In how. many days will the 
second courier overtake the first? 

13. Three persons talking of their gains, says A to B, 
yours and mine together would make $145 ; says B to C, 
yours and mine together would make $50 ; says C to A, 
yours and mine together would make $55. What was 
the gain of each ? 

14. A mechanic worked, for a gentleman 10 days, hav- 
ing with him his apprentice 7 days and his son 3 days, and 
received $28 50. At another time he worked 6 days, hav- 
ing with him his apprentice 4 days and his son 5 days, 
and received $13 50. At a third time he worked 8 days, 
having his apprentice with him 3 days and his son 4 days, 
and received $17 00. How much did he receive per day 
himself, and how much for his apprentice and son, sev- 
erally? 



SECTION VIII .—Solution op Qux^stions in a. 
Genebaii Manner. 

XLVll. From what, has been done, it will be seen 
that there are two distinct parts in the solution of a. ques- 
tion ; 1^, a proeeas of reasc^yng, by which it iiaacertained 
what numerical operations are nee^ssary to obtain the 
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answer ; 2**, the performing the operations thus determined. 

In the preceding examples, we have performed each 
numerical operation as soon as determined, and thus, while 
we have obtiuned the answer sought, no trace of the reas- 
oning has been lefl in the result. Let us now perform an 
example so as to separate these two processes, conducting 
first the process of reasoning to its conclusion, and then 
performing the operations determined by it. 

Let us take for this purpose the following question : « 

To divide the number *I3 into two such parts, that the 
greater shall exceed the less bj 9. 

Putting X for the less part, we have 

a; -f X + 9 = 73 

2a: 4- 9 = 73 

2a: =r 73 — 9 
73 — 9 
2 

We have here conducted simply, in the use of algebraic 
language, the reasoning required for the solution of the 
question. The expression at which we have arrived is 
not the answer, but the result of the reasoning pursued, 
and by which we are taught how to obtain the answer. 
Translating this result into common language, it stands 
thus: 

The less part is equal to one-half of the remainder afler 
subtracting 9 from 73. 

Subtracting 9 from 73, we obtain 64 ; one-half of this 
is 32, the less part sought. 

Let next the following question be proposed. 

Two men, A and B, are to share between them $125, in 
such a manner that B shall Isve $15 more than twice as 
much as A. What will be the share of A? 
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Let X = A's share ; then 

a: + 2a; 4- 15 = 125. 
But X being taken once and also twice, or 1 -}- 2 times, 
we have (1 + 2) a: + 15 = 125 

(1 + 2) X = 125 -^ 15 
_ 125 — 15 
"*"- 1 + 2 * 
Here, also, we have simplj the conclusion of the reas- 
oning pursued, accor£ng to which, in order to obtain the 
answer, we are required to subtract 15 from 125 and to 
divide the remainder by the sum of 1 and 2. 

Performing the operations, we obtain $36f for the share 
of A, as required. 

EXAMPLES^ 

Putting X for the answer, what are the operations nec- 
essary to obtain the value of a?, or the answer sought, in 
the following questions : 

1. What number is that, to the double of which if 18 
be added, the sum will be 82 ? 

82 — 18 

Ans. X = ^ . 

2. What number is that, from the quadruple of which 

if 14 be subtracted, the remainder will be 48 ? 

48 + 14 
Ans, X = \ . 

4 

3. What number is that, to 5 times which, if we add 
twice the remainder aflber subtracting 9 from it, the sum 
wiUbe80? 

80 + 2 X 9 



Ans» x-=. 



•'+ 



98 FIRST LESSONS IN ALGEBRA. 

4. It is required to find a number such, that if 10 be 
added to it, f of the sum will be 25. 

o 

5, It is required to find a number such, that if it be di- 
minished by 7 and 12 be added to f of the remainder, the 
sum will be 70. 

# 2 

XLVni. If the preceding examples are examined with 
attention, it will be seen that the reasoning process by 
which the operations are determined, does not at all depend 
upon the particular numbers given in the question, but 
will be precisely the same, whatever these numbers may 
be. Let it be required, for example, to divide the num- 
ber 100 into two such parts, that the greater shall exceed 
the less by 25. Putting x for the less part, we have 
a; + a; + 25 = 100 
2ar + 25 = 100 

2a; =100 — 25 
100 — 25 

Comparing this process with that pursued in the ques- 
tion first proposed, it will be seen that it differs in no res- 
pect from it, except that the number 100 has been substi- 
tuted|for 73, and 25 for 9. By conducting the reason- 
ing by itself, then, we determine, not merely how to get 
the answer to the question proposed, but to all questions 
which differ from it only in the particular numbers given. 
In the present case, suppose the number required to be 
divided is 175, and the given excess 50. Instead of solv- 
ing the quest^ anew, we are sure that we shall obtain 
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the less part required by first subtracting 50 from 175, 
and then dividing the remainder by 2. Performing these 
operations, we obtain 62 j^ for the less part required. 

XLIX. The method here pursued, is called solving the 
question in a general manner, and the result obtained is 
called a general solvtionof the question. 

Let us. take some additional examples. 

1. A prize of lOOCrdollars is to be divided between two 
persons, A and B, whose shares are to each other as 7 to 
9. What is the share of each ? 

Let X = A's share. Resolving the question in a gen- 
eral manner, we obtain 

_ 1000 X 7 
"*"- 7 + 9 ' 

Performing the operations, we obtain for A's share in 
this particular case, $437 50 ; subtracting this from $1000, 
we obtain $562 50 for B's share. Bnt we may resolve 
the question directly with reference to B's share. Thus, 
let y z= B's share ; then 

_ 1000 X 9 
^^ 7 + 9 ' 
from which we obtain'^562 50 for B's share as before. 

As another particular case, suppose the prize to be 
$1500, and the proportions as 5 to 13, what are the shares ? 

Multipl3ring, according to the expression for x, 1500 by 
5, and dividing the product by 5 + 13 = 18, we obtain 
$41 6|- for A's share. In like manner, multiplying, ac- 
cording to the expression for y, 1500 by 13, and dividing 
by 18, we obtain $1,083| for B's share. 

What will be the shares of A and B, respectively, in 
the following particular cases ? 1. Suppose the prize to 
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be $1150, and the shares as 5 to 7. 2. Sappose the prize 
to be S3200, and the shares as 11 to 15. 

2. The sam of 9600 is to be divided between two per- 
BOBs, A and B, in such a manner that B is to have twice 
and C three times as much as A. What is the share of 
each? 

Let X = A*B share ; then 

^^ l+T+3 = ^'^^^^"> 

600 X 2 ^, ^ 

and 2x = j^ , 2^. 3 = B's share, 

600 X 3 ^ ^ 

and 3 X = ., , ^ . — 5 = Cs share. 

For the particular case in question, we shall have A's 
share z= $100, B's = S200 and C's = $300. 

1. What will be the share of A, if the sum to be divid- 
ed is S850, and if B has 3 times and C has 5 times as 
much as A ? 

2. What will be the share of B, if B has 7 and C has 
4 limes as much as A, and the sum to be divided is S954? 

3. What will be the share of C, if B has 6 and C has 

11 times as much as A, and the sum to be divided is 
S1250? 

3. Divide $1800 among three men in such a manner, 
that B win have S3 as oflen as A has $2, and C $7 as often 
as A has S5. 

Putting X = A's share, we obtain 

_ 1800 X 5 X 2 

'^~5X2 + 5X 3+7X2* 
What will be the expression for B*s share ? What for 
Cs? 
What will be the share of A, if the sum to be divided 



SOLUTION OF QUESTIONS IN A GENEaAL MANNER. 101 

is 83,750, aad if B has S4 as often as A has $3, and C 
has $11 as often as A has $9. Ans. $1,954 68. . . . 

L. In solving questions in a general manner, as ex* 
plained above, care must be taken not to perform any of 
the operations as we proceed, since by so doing we should 
defeat the object proposed. Suppose that in the last ex- 
ample we had inadvertently performed the multiplication 
of 5 by 2, the result,* 

_ 1800 X 10 

""- 10 + 5 X 3 + 7 X 2' 

would still give the value of x for this particular question, 
but would not show how to find its value for any oth^ 
similar question. We should lose, therefore, the general 
solution, which should always teach us how to obtain the 
answer by means of the numbers given in the proposed 
question. 

The liability to this error may be avoided, and, at the 
same time, the solution of the question in a general manner 
may be facilitated, by the use of some additional signs. 

Returning to the question first solved, if we state this 
question without reference to any particular numbers, or 
in other words, if we state the question itself in a general 
manner, it will stand thus : 

To divide a given number into two such parts, that the 
greater shall exceed the less by a given excess. 

By the same principle that we put x to represent one 
of the parts sought, we may employ any convenient sign 
to represent the given number, and also the given excess. 

We have agreed to represent unknown quantities, or 

the quantities sought in a question, by some one or more 

of the last letters of the alphabet, as x, y, z, &c. We 

will now represent the known, or given quantities in the 

10 
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question, by the first letters of the alphabet, as a, 5, c, &c. 
Thus, in the present question, let a represent the num- 
ber given to be divided, and b represent the given excess. 
Putting, as before, x = the less part, the equation of the 
question will be 

a: + X -f- ft =r «; 

from which we obtain x = — ^ — . 

This expression for x is called a formula for x. It shows 
how, in all cases, the value of x may be obtained. Trans- 
lated into common language, it is called a ntle. Thus, in 
the present example, the rule by which to find the less 
part will be as follows : 

From the given rvwmber subtract the given excess; one* 
half the remainder imU be the less part. 

To obtain a formula for the greater part, we may solve 

the question directly with reference to the greater part. 

But since the greater part is equal to the less -^ the given 

excess, we shall have 

a — b , _ a + ft 

— 5 1- ft =: —^ — = the greater part. 

The formula for the greater part will be, then, 
g + ft 

from which we derive the rule for the greater part, viz.: 
To the given number add the given excess; <me-half the 

sum tvill be the greater part. 

Examples. Find by the rules the two parts in the 

following cases : \ 

1. Number to be divided, 183 ; given excess, 43, 

2. Number to be divided, 193 ; given excess, 17. 
8. Number to be divided, 754 ; given excess, 72. 
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The followibg questions evidently imply the diyision of 
a number into two parts, one of which shall exceed the 
other by a given excess. They may, therefore, be solved 
by the formulas above. 

1. A gentleman paid $350 for a horse and chaise ; the 
chaise cost $125 more than the horse. What was the 
prjce of each ? 

2. A and B have together $250 ; but B has $75 more 
than A. How much has each? 

3. A certain school contains 150 pupils. There are 30 
females more than males. How many are there of each ? 

4. A house is supplied with water from a fountain by 
two pipes, one of which furnishes 20 gallons an hour more 
than the other. They both together furnish 50 gallons an 
hour. How much is furnished by each ? 

From these examples, it will be seen that questions may 
be virtually the same, and be comprised in the same so* 
lution, though difPering in the language in which they are 
expressed. 

LI. We proceed to the solution of some additional 
questions. 

1; Two travelers set out, at the same time, from two 
places, A and B, which are 50 miles apart, and travel the 
direct road toward each other, until they meet. The one 
from A travels at the rate of 5 miles an hour, the one 
from B at the rate of 3 miles an hour. J[n how many 
hours will they meet? 

To resolve this question generally, we snppose that 
the two towns are a given distance apart, which we will 
represent by a ; that the traveler from A goes at a cer- 
tain rate, which we will represent by 3, and the one from 
B at a certain rate, which we will represent by c. Let 
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X = the number of hours in which they will meet ; then 
bx -^ ex =z a; 

whence x =i , ,« . 

Translating this formula, we have the following rule, 
by which to find the number of hours in which the trav- 
elers will meet, viz.: Divide the distance betiueen the towns 
by the sum of the rtxKes at which thet/ travel. 

By the rule we obtain 6^ hours for the answer to the 
question proposed. 

Ex. 1. Suppose the distance is 375 miles, and that the 
travelers |)roceed at the rate of 7 and 9 miles, respect- 
ively, when will they meet ? 

Ex. 2. Suppose the distance is 543 miles, and the rates 
are 11 and 13 miles, respectively, when will the travelers 
meet? 

2. A traveler sets out from a certain place and travels 
at the rate of 5 miles an hour ; 8 hours later, another 
traveler sets out from the same place and travels at the 
rate of 9 miles an hour. In how many hours will the 
second traveler overtake the first ? 

To state the question generally^ let a represent the 
number of hours the first traveler has the start of the. 
second, and let h and c be the rates at which they travel* 
respectively. Putting x for the time required, we obtain 

ab 
b — c 

Translating the formula, we have the following rule, by 
which to find the time required, viz.: A^tiply the number 
of days the first traveler 'precedes the other by his rate, and 
divide by the difference of the rates. 
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By the rule, we obtain 10 hours for the answer to the 
particular question proposed. 

Ex. Suppose the filrat traveler sets out 12 hours before 
the other, and goes at the rate of 11 miles an hour, when 
will the second overtake him, traveling at the rate of 13 
miles an hour ? 

3. A man purchased an equal number of pounds of 
coffee, sugar and tea, for which he paid S2 59 cents. For 
the coffee he paid 9, for the sugar 8 and for the tea 20 
cents per pound ; how many pounds of each did he pur- 
chase? 

To state the question generally, let d represent the num- 
ber of cents paid for the whole, and let the price per pound 
of the coffee, sugar and tea be represented by a, 3 and c, 
respectively. Putting x for the number of pounds of each, 

we obtain x =: — r-j—t — • 

a + ^ + c 

Translating this formula, we have for the rule, Divide 
the price of the whole by the sum of the prices of a pound 
of each sort; the quotient unU be the number of pounds of 
each 

In the particular case stated, the man purchased 7 lbs. 
of each. 

Ex. 1. Suppose the price of the whole %1 05, the cof- 
fee 12, the sugar 10 and the tea 25 cents a pound; how 
many pounds were there of each ? 

Ex. 2. Suppose the price.of the whole $6 30, the cof- 
fee 17, the sugar 13 and the tea 33 cents a pound ; how 
many pounds were there of each ? 

4. 50 persons, male and female, dine at a tavern at a 
joint expense of $17. Each man pays 40 cents and each 
woman 30 cents. How many men and woiQen were there ? 
10* 
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Let a represent the whole number of persons, d the 
joint expense, h what the men, e what the women paid 
each. Potting y for the number of men, we obtain 
d — ac 

Bui.E. To find the number of men, Frona the joint 
expense stibtract the product of the whole number of persons 
by what the women paid each', and divide the remainder by 
the differerme bettoeen what the men and tpomen each paid. 

What will be the separate formula by which to find the 
number of women ? 

5. Find a number such that the sum of the quotients 
of this number by the numbers m and n, respectively, may 
be a. 

Putting X for the number, we have 
mna 
l» -f- w 

BuLE. Mdtiply the sum of the quotients by the product 
of the divisors of the n^umber^ and divide the product which 
results by the sum of the divisors, 

Ex. 1. What is the number, when the sum of the quo- 
tients is 30, and the divisors are 7 and 3, respectively ? 

Ex. 2. What is the number, when the sum of the quo- 
tients is 39, and the divisors are 8 and 5, respectively. 

6. A gentleman, wishing to distribute the money he had 
in his purse among some poor persons, found that if he 
gave them a pence apiece, he would not have enough by 
d pence ; but if he gave them b pence apiece, he would 
have c pence left. How many persons were there ? 

Patting X for the number, we obtain 



« = • 



— b 
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Whftt is tbe rule derived from this formula ; and what 
will be the number of persons, if when he tried 7 pence, 
he had not enough bj 15 pence, and when he tried 4 
pence, he had 9 pence over ? 

7. The fore-wheel of a carriage is a feet and the hind 
wheel b feet in circumference ; what will be the distance 
passed over, when the fore-wheel haa made n revolutions 
more than the hind-wheel ? 

Putting X for the number of revolutions of the hind- 

an 

wheel, we obtain x = = ; 

b — a 

multiplying this by b^ we obtain for the distance sought 
abn 
b — a 
What is the rule from this formula, and what will be the 
distance, when the hind-wheel is 7 feet and the fore-wheel 
is 5 feet in circumference, and the fore-wheel has made 
50 more revolutions than the hind-wheel ? 

8. Two men engage to perform a certain piece of work ; 
the first can do it alone in a days, and the second in b days. 
How long would it take both, working together, to do it ? 

The first can do -th part of it in one day ; the second 
Tth part. Putting x for the number of days, we have 



^ + 1=1; 
a ' b 



ab 



whence x •— ; — z* 

a + b 

Rule. Divide the product of the numbers expressing 

the times in which each could perform the work al/me^ by the 

sum of those numbers. 
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Ex. 1. If A can perform a certain piece of work in 7 
days and B can perform the same work in 5 days, how 
long will it take both together to perform it? 

Ex. 2. A cistern is supplied with two pipes ; the first 
will fill it in nine days, the second in 11 days ; how long 
will it take both together to fill it? 

This last question can be solved by the same formula 
with the preceding. Why is it so ? 

9. Divide the number a into two such parts, that the 

first shaU be to the second as m to ?i. 

- ma _ na 
Ajms, ; — and- 



m -^ n m •\' n 
What is the rule from these formulas, and what will the 
parts be, 1**, when the given number is 75, and the re- 
quired parts are as 3 to 2. 2®, when the given number 
is 63, and the required parts are as 7 to 5 ? 

10. The sum of two numbers is a, and one is m times 
as large as the other. What are the numbers ? 

Ans. ; — - and ■ 



m + 1 m + 1' 
What is the rule from these formulas ; and what are 

some particular cases of the problem, and the answers to 

them by the rule ? 

11. A father is a years old, his son b years old. In 

how many years will the father be n times as old as his 

son? 

Let X = the number of years; then x = 

•^ n — 1 

Ex. 1. The father is 70, the son 20 years old. In how 
many years will the father be three times as old as his 
son? 

Ex. 2. The father is 45, the son 15 years old. In how 
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many years will the father be foar times as old as his son ? 

Explain the negative answer in liiis case, and prepare 
the foiunula for the question as corrected by it. 

12. Divide the number a into two such parts, that their 
product shall be to the square of the greater part as m 
to n. 

Let X be the greater part ; then the equation of the 
question will hen {ax — cc*) = my?^ or dividing both 
members by a:, n {a — z) zn m x, 

Ans. The parts are j — and ■ 



m -\- n m -\- n 

Ex. 1. What are the parts when the number is 54, and 
the required proportion is as 2 to 7 ? 

Ex. 2. What are the parts when the number is 24, and 
the required proportion as 3 to 5? 

13. If a be added to the first of two numbers, it be- 
comes m times as great as the second ; but if h be added 
to the second of the numbers, it becomes n times as great 
as the first. What are the numbers ? 

Let X and y represent the numbers ; tjien, by the ques- 
tion, X -|- a = m y, and y -\- h z=z nx\ 
whence x — my = — a 
nx — y =^h. 

Multiplying the second by m and subtracting the first 

from the second, 

mnx — X =1 mb -\-a 

mh + a na -\' h 

X =z ! — -, y = ' — -. 

mn — 1 ^ mn — 1 

Ex. 1. What are the numbers when a = 9, ^ = 7, 

?»= 3, 74= 2? 

Ex. 2. What are the numbers when « = 25, & =^ 8, 
w =: 7, n =: 4. 
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14. If a be subtracted from the first of two numbers, 
it is then one-9»th part of the second ; but if b be subtract- 
ed from the second of the numbers, it is then one-Tith of 
the first. What are the numbers ? 

. Tiina -f- nb . mnb-A- fna 

Ans. ^— - — and ■ — -— . 

mn — 1 mn — 1 

Ex. 1. What are the numbers when a •=: 10, b =z 5, 
m = B,n = 2? 

Ex. 2. What are the numbers when a = 12, 6 = 6, 
w = 5, w = 3. 

15. Required a general statement and solution of the 
following questions. 

A gentleman divided $540 among three poor persona ; 
to the second he gave twice as much as to the first, and to 
the third three times as much as to the second. What 
did he give to each ? 

16. A prize is to be shared among three persons in the 
following manner : B is to have $250 more than A, and 
C $145 more than B. What is the share of each? 

17. A father, dying, left $25,000 to be divided between 
his wife, son and daughter ; the son has $1,000 more than 
twice as much as the daughter, and the wife $500 more 
than three times as much as the son. What was the share 
of each ? 

Ln. We have now seen the aid derived from the alge- 
braic language in the solution of particular questions, and 
also in the solution of questions in a general manner. We 
derive similar aid from this language in all investigations 
which relate to the nature and properties of numbers, or 
the quantities represented by them. 

Let it be required, for example, to ascertain what effect 
will be produced upon the value of a fraction, if the same 
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quaotitj be added to both the namerator and denominator. 
To take a particular case, let us add 6 to the numera- 

7 
tor and denominator of j^ ; the two fractions will then be 

7 ^ 13 

12^^18- 

If we now reduce these fractions to a common denom- 

' . \i. u 126 ^156 

inator, they become — - and . 

^ 216 216 

The numerator of the second fraction is evidently great- 
er than the numerator of the first, while the denominators 
are the same. The proposed fraction is, therefore, in- 
creased by the addition of 6 to its numerator and denom- 
inator. But it does not follow that what has been showti 
to be the effect in this particular case will be equally so 
in respect to all other fractions. In order to make the 
proposition general, we must employ, in the investigation , 
signs which Will represent any fraction whatever, and any 
number whatever that may be added to its terms. Let a 
and b be the numerator and denominator, respectively, of 
the fraction, and m the quantity to be added ; the two frac- 
tions will then be 

a ^a A^ m 

; and 



b b '\- m 
Reducing to a common denominator, they become 
ah-^am ab-^hm 
U' + bm 6« + 6m* 

Comparing the numerators of these fractions, the part 
a 6, it is evident, is the same in both, while the part bm 
in the second is greater than the part a mm the first, since, 
from the nature of the fraction, b is greater than a. 
We now see that what we found to be true in respect 
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to the paitieular firactkm -^ is trae in respect to any other 
fraction, and that, generally, 

If the same qwantity he added to both terms ofafra/Uiony 
the value of the fraction imO, he increased. 

It is assamed in this investigation that the fraction is 
proper, that is, that the numerator is less than the denom- 
inator ; otherwise, the restdt will be reversed. 

Let the learner now show what yrill be the effect, if the 
same quantity is subtracted from both terms of a fraction. 

2. Let it be proposed next to ascertain the manner in 
which the parts of a quantity, consisting of two parts, are 
employed in forming the square of this quantity. 

For this purpose, let a represent one of the parts and 
6 the other ; then we have 

From which we learn that if a quantity consists of two 
parts, the square of this quantity will be equal to the square 
of the first part^ plus ttince the first part hy the second^ plus 
the square of the second, 

3. Let it next be proposed to determine the relation of 
the product of the sum and difference of two quantities to 
these quantities themselves. For this purpose, let a be 
one of the quantities and h the other ; then 

(a + 6) (a — h) = (^—hK 
We thus learn that the product of the sum and difference 
of two quantities is equal to the difference of their squares. 
These propositions are demonstrated, in geometry, in 
another form, where it is shown, 1°, That if a line is com- 
posed of two parts, the square described upon the whole 
line is equal to the sum of the squares described upon the 
parts, plus twice tlie rectangle contained by the parts. 
2°, That the rectangle contained between the sum and 
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difference of two lines is equal to the difference of their 
squares. 

We shall have further illustrations of this kind as we 
proceed. The learner will now, however, see distinctly 
the nature of algebra. It is a concise language, by aid of 
which we are enabled with facility to solve questions either 
in a particular or general manner, and to conduct the in** 
vestigations necessary to determine the properties and re* 
lations of numbers, or the quantities represented by them. 
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LIII. By solving a question in a general manner, we ob* 
tain, as we have seen, a n^, by which we are enabled, 
not merely to find the answer to the proposed question, 
but to all others which differ from it only in the particu" 
lar numbers which are given. 

We proceed to some additional illustrations of the aid 
derived from algebra in determining general rules, by in* 
vestigating a few of the more important practical rules 
usually found in treatises on arithmetic. 

RATIO AND PROPORTION. 

LIV. There are two ways in which magnitudes, or the 
numbers which represent them, may be compared. 

1^. We may wish to ascertain how much the greater of 
the two exceeds the less. In this case, we subtract the less 
from the greater, and the result is called their ratio bg 
difference. Comparing, for example^ the numbers 8 and 
5, their ratio by diflferenoe is 8 <— 5, or 3. In like naan* 
11 
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ner, the ratio by diifference of the quantities a and h will 

be a — 6 or 5 — a, according as the one or the other is 

.the greater. 

2®. We may wish to ascertain how often one magnitude 

is contained in the other. In this case, we diride the one 

by the other, and the result is called their ratio by quotient. 

Take, for example, the numbers 18 and 6 ; comparing the 

18 
18 with the 6, the ratio will be -^ = 3 ; comparing 6 with 

6 1 

18, the ratio will be r^ = ^^ ^^ ^^ manner, the ratio 

d h 

by quotient of c^ to b is t> ^uid of 6 to a, -. 
o a 

The ratio by difference is sometimes called arithmetical 
ratio, and that by quotient geometrical ratio. To these 
latter designations, which are not significant, the former 
are to be preferred. 

The two magnitudes or numbers which constitute a ra- 
tio are called the terrns of the ratio. The term first writ- 
ten is called the antecedenty and the other the consequeja. 

LV. When two ratios by difference are equal, the four 
magnitudes or numbers which constitute them are called 
an eguidiffereTtce. They are so called because they are 
the expression of two equal differences. Let there be the 
four numbers 13, 7, 18, 12. The difference between 13 
and 7 is 6, and the difference between 18 and 12 is also 6. 
These four numbers are said, therefore, to form an equi- 
differsBoe, which is written thus: 

13 , 7 : 18 . 12, 
and is read tiius : 13 is to 7 as 18 is to 12. This equidif- 
ference may also be written thus : 

18 — 7 = 18 — 12. 
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In like manner^ if the four quantities a, 6, c, (2 are such 
that the difference between the first and second is equal 
to the difierence between the third and fourth, these quan- 
tities form an equidifference, which is written thus : 

a ,b :c .d, 
or thus : a — b =z c — d. 

When two ratios bj quotient are equal, the four quaii^ 
tities or numbers which constitute them maj, from this 
circumstance, be called an egui-quotient. They are usual- 
ly, however, called a proportion. Let there be, for ex- 
ample, the four numbers 18, 6, 15, 5. The ratio of 18 to 
6, or 18 divided by 6, is 8 ; so also, the ratio of 15 to 5 is 
3. These numbers, therefore, form a p]x>portioD, which 
is written thus : 18 : 6 : : 15 : 5, 

orthus T = T' 

and is read, 18 is to 6 as 15 is to 5. 

In like manner, if the four quantities c^hyCyd are such 
that the ratio between the first and second is the same as 
the ratio between the third and fourth, these quantities 
form a proportion, and we have 

a I h 1 1 c I df 
a c 

6 = 5- 

The first and last terms of an equidifference, or of a pro- 
portion, are called the extremes, and the second and third 
the means of the equidifference or the proportion. 

PROPERTIES OP EQUIDIFFERENCE9. 

L YI. Let there be the equidifference a . 6 : c. ({, or oth- 
erwise, a — 6 := c — rf. 

If we now transpose the terms b and d, we shall have 
the equation a -|- (2 =r c 4- &• 
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From which we learn that in an eqnidifference, the 
sum of the extremes is equal to the sum of the means. This 
is the fundamental property of equidifferences. 

Conversely, if four quantities, a, ft, c, d, are such that 
the sum of any two of them is equal to the sum oi the 
other two, these quantities will form an equidifference. 
Thus let a -}- (/ = e -|- &. Transposing the d and 6, the 
equation becomes a — & z= c — d, 
or a .h ic ,d. 

From the eqnidifference a — 6 = c — rf, we derive 
a= 6-|- c — d 
6 =z a -f- d — c. 

If, then, three terms of an equidifference are given, we 
shall find the fourth, if it be one of the extremes, by the 
following rule: From the sum of the mecms subtract the 
given extreme; the remainder unU be the required extreme. 

If the required part be one of the means, it will be 
found by the following rule : From the sum of the extremes 
subtract the given mean; the remoamder vnH be the requir- 
edmean. 

It is sometimes the case that the two mean terms are 
the same ; thus a . b : b , e. This is called a coTttinued 
equidifference. In this case, we have 
a + c = 6 + 6; 

whence b = ^—^ 

Here b is called the mean between the quantities a and 
c. Thus, to find the mean of two quantities, we take one- 
half the sum of these quantities. 

Ex. 1. A sum of money is divided among four persons, 
in such a manner that their shares form an equidifference. 
The share of A is $12, that of B S15, that of C 917. 
What is the share of D? 
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Ex. 2. The first, seeond and fourth terma of an equidif- 
ference are 28, 28 and 37, respectiyely. What is the third 
term? 

Ex. 3. What is the mean between 125 and 53 ? 

PROPERTIES 0£ PROPORTIONS. 

LYII. Besaming the general pro^rtion a : 6 : : c : d, 
a c 

we obtain ad =z be. 

From this we learn that in a proportion the product of 
the extremes is equal to the product of the means. 

This is the fundamental property of proportions. Any 
change may be made in the order in which the terms of a 
proportion are written, consistent with this fundamental 
property. Let there be, for example, the proportion 

86 : 12 : : 75 : 25. 
From this we may deduce the following proportions : 
1"*, by changing the extremes, 25 : 12 : : 75 : 86. 
2^, by changing the means, 36 : 75 : : 12 : 25. 

8^, by putting the means in the 

place of the extremes, 12 : 86 : » 25 : 75« 

In each of these, the ratio, it is eyident, is different. 
The proportion is, however, preserved, since in all the 
changes the product of the extremes is equal to the prod- 
uct of the means. 

Conversely, let there be four quantities, a, 6, c, d, such 
that we have ad=.bc; 

dividing both sides by b d, we have 

a c 

b^d* 
whence a : 6 ; ; c ; (2, 

11* 
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If, then, four quantities are such that the product of any 
two of them is equal to the produot of the other two, 
these numbers will form a proportion, of which one of the 
products is the product of the extremes, and the other that 
of the means. 

It may sometimes occur that the two mean terms in a 
ftop^tioik are equal; as in the |H*oportion 
a : 6 : : 6 : c 

This is called a continued proportion, and b is called a 
mean proportional between a and c. 

From the continued proportion a:b :: b idfWe obtain 

Whence, in a continued proportion, the square of the 
mean is equal to the product of the extremes. To find, 
therefore, a mean proportional between two quantities, toe 
take the square root of the product of these quantities, 
« LVin. Resuming again the genend proportion 

a:b::e:d, or - — f . 
b ^ d' 

and adding unity to each side of this last, we obtain 

or reducing to a common denominator, 
a -{- b __ c -f- rf 
b " ~d~' 
which gives a -{' b : b : : c -{- d :d. 

Comparing this with the original proportion, a:b::e:df 
we derive the following principle: In every proportion, 
the sum of the first and second terms is to the second^ as the 
mm of the third and fourth terms is to the fourth. 

By a process altogether similar, it may also be shown 
that in every proportion, the differenc^between the first and 
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teomi tenm i$to^ second^ as the difference behpeen the 
third and fourth is to the fourth. 

The proportion a:b : :c :d returns to a:c:: b : d, 
whence, from the first of the preceding properties, 

a-}- c:e:: b '\- did. 
Comparing this with the proposed, we derive the follow- 
ing principle : In every proportion, thi^ sum of the anteee^ 
dents is to the sum of the consequents^ as any one anetce^ 
dent is to its consequent. 

In like manner it may be shown, that the difference cf 
the antecedents is to the difference of the comequents^ as 
any one antecedent is to its consequent. 

Let there be next a series of quantities, a, 6, c, £2, c,/, 
g,h,., forming, two and two, a series of equal ratios, so 
that we have 

a: b ::c :d::e :/: : g ih... 

The two first ratios, viz., aibiicid, give, from the 
principle last demonstrated, 

a '■\- c : b -{- d ::c:d; 
but c :d : : e :/; 

whence a -|- c : ft +. rf : ; e :/; 

applying to this last the same principle, we have 

a-\-C'{'e:b'{'d +/: : e if; 
and thus in order, whatever the number of equal ratios. 
Therefore, in a series of equal ratios^ the sum of the anic 
cedents is to the sum of the consequents^ as any one aniecc 
dent is to its consequent. 

Let us take next the two proportions 

a:b ::c: d, and e:f::g;h; 

a c , « g 
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If we now multiplj these eqaatiims member by mem- 
ber, we obtain 

whence ae : bf: : eg : dh» 

Comparing this with the proposed proportions, the result 
is the same as if we had multiplied these proportions, term 
by term. This is called multiplying the proportions in 
order. Hence, if two proportiom are multiplied in order ^ 
the results unU be prqportiofud. 

It readily follows from this principle, that if the terms 
of a proportion are raised each to the same power, the re- 
sults will be proportional. Conyersely, if the same roots 
are taken of each of the terms of a proportion, the results 
will be in proportion. 

RULE OF THREE. 

LIX. This name is given to a rule in arithmetic, by 
which, when three numbers are given, a fourth is found 
from them. 

Thus, let there be the following question: 

1. If 5 yards of doth cost 815, what will 7 yards of the 
same cloth cost? 

Here there are three numbers given, viz., 5, 15 and 7, 
and it is required to obtain by means of these a fourth, 
viz., the price of the 7 yards. By analysis of the ques- 
tion, it is evident, that if 5 yards cost $15, then 2, 3, 4 . . . 
times as many yards will cost 2, 3, 4 . . . times as much. 
There is, therefore, manifestly a proportion between the 
numbers which denote the yards on the one part, and the 
numbers which denote the prices pn the dther. We have 
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thus given three terms of a proportion by which to find 
the fourth. Let x denote the fourth term sought. The 
proportion will stand thus : 

yds. 7^- • • 

5 : 7 : : 15 : a;, 
and is read, d yards are to 7 yards, as 15 dollars to x dol- 
lars. Deducing the value of Xy we have 

15X7 

x=. — = — = 21. 
o 

Let ay bf c, represent, generally, the three given terms, 

and Xy the required term of the proportion ; thai 

a:b::e:x; 

whence x=. — . 

a 

The three given numbers in the question being prop- 
erly arranged, they will form the first three terms of a pro- 
portikm ; whence, to find the fourth term, or answer, we 
mttltipLy together the second and third termSy and divide 
Me product by the first. 

Ex. 2. If 25 lbs. of sugar cost $6 50, what will 384 lbs. 
cost? 

Here, also, there is a necessary proportion between the 
number of pounds on the one hand, and the prices on the 
other; and we shall have, therefore, 

Ibi. Ibt. Hi 

25 : 384 : : 6 50 : to the answer ; 
applying the rule, we obtain for the answer, $99 84. 

Ex. 3. If 45 men build 280 feet of wall in a day, how 
many feet will 75 men build in the same time ? 

From the question, we have, evidently, the following 
proportion : 

man. men. fiset. 

45 : 75 : : 280 : to the answer; 
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whence, bj the rale, we obtain 4:66| feet for the answer. 

Before applying the rule, the proportions maj be sim- 
pMed by striking out, where it can be done, conunon fac- 
tors from the terms. 

Thus in the second question, the two antecedents have 
a common factor, 25 ; and in the third question^ the first 
antecedent and its conseqaent have a oommon factor, 15, 
which may be struck out ; by which in each case, as it is 
easy to see, the final calculations will be rendered more 
simple. 

In general, questions depending upon the rule of three 
contain in their enunciation four numbers, two of which 
are of a certain kind, and two others of a different kind, 
of which the required quantity or answer is one. , 

Thus, in the first question above, two of the numbers 
express yards, while the other two express the prices of 
these yards. In the last question, two of the numbers de- 
note men, while the other two denote the amount of labor 
which the two sets of men are able to perform, respective- 
ly. In these two cases, it is evident, that as the number 
of yards is increased, the prices are increased, and at the 
same rate ; and as the number of men is increased, the 
amount of labor is increased, and in the same proportion. 
The proportion between the four terms is, therefore, said 
to be direct. ' 

In general, a proportion is said to be direct, when the 
first two terms, being of the same kind, and the last two, 
being also of the same kind, increase or diminish at the 
same rate. 

Ex. 4. If 135 men can perform a certain piece of work 
in 20 days, how long will it take 540 men to do the same 
work? 
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In this case, it is evident, that the greater the number 
of men, the less will be the time required, and in the same 
proportion. Putting x for the answer, the proportion will 
stand thus : 

men. men. days. dayi. 

135 : 540 : : a; : 20. 

Here the terms of the last ratio are inverted ; whence 
the proportion is said to be inverse. In general, a pro- 
portion is said to be inverse, when, as the two terms of 
the first kind increase, the two of the second decrease, and 
the converse. 

Inverting the order of the terms, so that x may become 
the fourth term, we have 

540 : 135 : : 20 : x. 
Applying the rule, we obtain a: = 5. Whence the ans- 
wer will be 5 days. 

We have, therefore, the following rule for the statement 
and solution of all questions of the kind we are here 
considering, viz.: 

1°. Place the TOimher which is of the safhe kind tmth the 
anstoer sought as the third term of a proportion^ and then 
consider J from the nature of the question^ whether the ans 
toer shaidd he greater or less than this term. 

2**. If the answer should he greater, torite the less of the 
two remaining numbers as the first term, and the other as 
the second term of the proportion; but if the answer is less 
than this third term, then unite the greater of the tvoo re- 
maining numbers as the first term, and the other as the 
second term of the proportion. 

3®. MvJtiply the second and third terms together, and di- 
vide the produet by the first t^n^; the quotient wiU be the 
answer. 
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Such IB the Bude of Three^ as it is asually given in 
arithmetic We suhjoin a few additional examples. 

£z. 1. If 750 men require 22,500 rations of bread for 
a month, how many rations will a garrison of 1,200 men 
require? Ans. 3,600. 

Ex. 2. If 225 bushels of com cost 8125, what will 375 
bushels eost at the same rate ? An s. 9208^. 

Ex. 3. A garrison of 800 men is provisioned for 90 days. 
How many days will the provision last, if it receive a re* 
infoTcement of 300 men? Ans. 65i^ days. 

Ex. 4. If 6 men can dig a certain ditch in 40 dayS) 
hpW many days would 30 men be employed in digging it ? 

Ans. 8 days. 

LX. Questions sometimes occur, involving more than 
one proportion, as the following : 

If 16 men build 18 feet of wall in 12 days, how many 
men, working at the same rates, must be employed to build 
72 feet in 8 days? 

To snnplify the question, let it be supposed that the 
number of men employed is the same in each case ; then 
the question will be. 

If a certain number of men build 18 feet of wall in 12 
days, how long will it take them to build 72 feet ? which 
gives, putting x for the number of days, 

nn* nt\t uys. niyv* 

(1) 18 : 72 : : 12 : x. 
Regarding x as determined, the question will then be, 
If 16 men can build 72 feet of wall in x days, how many 
men will it take to build the same number of feet in 8 
days ? which, putting y for the number of men, gives 

d^ib days. wm, MB. 

(2) 8 ! a: : : 16 : y. 
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M«ttlplying next these two pn^rticms in order, we 
Ittre (8) 18 X 8:7f X «s: W X 16:a?y, 
or strikiDg oat the commoii factor, x, &om the two oonse« 
qoents, (4) 18 X 8 : 72 : : 12 X l»:y; 

72 X 12 X 16 . v' 10 s/ o QA 
whence y === — ^g g — = 4 X 12 X 2 = 96. 

Introdacing in the proportions the simplifications ahready 
explained, the work would stand thns : 

(1) 1 : 4 : : 12 : X 

(2) 1 : ar : : 2 : y 

(3) 1 : 4 X a: : : 12 X 2 : a:y 

(4) l:4::12X2:y. • 
y = 4 X 12 X 2 z= 96. 

We may easOy deduce a rule for questions of this kind, 
such as is usually given in arithmetic, under what is term- 
ed Compokmd Proportion. The rule, however, is unneces- 
sary, as all questions of the kind can he solved by means 
of two or more sim|de proportions. 

In the present question, the value of x obtained fixHtt 
the first proportion is 48, which, substituted in the secondf 

iVf. dqn. bm. jam. 

gives 8 : 48 : : 16 : y» 

or 1 : 6 ; : 16 :y; 

whence . y = 96. 

The question is solved, therefore, by means of two sim- 
ple proportions, in cimformity to the rule of three already 
obtained. 

The foHovring examples will serve as an exercise for 
the learner in questions of this kind. 

Ex. 1. If 20 men weave 84 yards of doth in 6 dqrs, 
how many da^^s will 12 men take to weave 100 yards? 

Airs. 11^ days. 
12 
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Ez« 2. If 25 persons oooBume 800 bushela of eom in 
one year, how mudi will 139 persons consnme in 7 7«m« 
at die same rate? Ans. 11,676 byslids. 

Ex. 8. If a man travels 217 miles in 7 days, traveling 
6 hoars a daj, how far woald he travd in 9 days, if he 
traveled 11 hoars a day? Ans. 511^ miles. 

Ex* 4. If 10 men dig 8 a(9:eB in 6 days, working 8 hoars 
a day, how many men will be able to dig 7 aeres in 8 
days, working 10 hoars a day? ' Ans. 14 men. 

BARTER. 

ffiXI. How mudi sngar, at 10 cents a poand, mast be 
given for 58 gallons of wine, at 75 cents a gallon ? 
Let xzrzi^ qoantity ; then, by the question, 
10 a; = 58 X 75; 
wiienoa x r= 435. Ans. 485 ibs. 

The question may be stated generally thus : 
How mach of one commodity, at a ^ven price, wiU be 
seqabred in exchange lor another eommodity, at another 
given price? 

Let a be the quantity of the giv«i commodity, and b its 
price ; x the required amount of <ihe commodity to be giv- 
en in exchange, and e its price ; then 
ex = ab; 

whence a: := — . 

c 

From which we have the following rule for Barter : 
Maltipty the given quantity by itf prke, and dmde the 
product by the jnioe of the quantity required, 

Ex. 1. A farmer has com at 5«. a bushel ; how nwch 
must he give of this Ibr 25 boshels of wheat at 9 s. a bosh- 
el? Ans. 45 bushels. 



Ex. 2. A dealer in fruit wishes to exdiaiigt applet 
worth $2 25 a barrel for pears worth S7 50 a barrel. How 
BMiijr binheb of i^ples must he give for 25 of pears? 

Ak& 83^ bndiela. 
Ex.8. How many pounds of lead, at debits per poaa^ 
must be given for 788 lbs. of iron, at 6 oents per poundP 

Ans. 522 lbs. 
Ex. i. A has broadcloth, at 16 «. 6i{.peryard. Bhaa 
linen, at 1^. 4td» per yard. How many yards of bfoad^ 
doth must be given in exchange for 660 yards of linen ? 

Ans. 58^ yds. 

FELLOWSHIF. 

LXTT. The rale of fellowship teaches how to divide 
among several persons, connected together in business, 
the gain or loss which results from their connexion. 

Three men, A, B and C, purchase in company a certain 
quantity of merchandise, amounting to S250, of which A 
pays $50, B $75 and G 9125 { they gain by the purchase 
9120. What is each man's share of the gain ? 

Let X =z A's share ; then, since each man's share of 
the gain should be in proportion to <he amount contribut- 
ed by him toward the purchase, we shall have 

-=77" = B's share, and ^. = Cs share ; 

whence « + ^ + l^=;120. 

Besolving the equation, we obtain x =r 924 = A*^ share ; 

whence B's share will be 986, and C's 960. 

The question may be stated in a general manner thus : 
Three men. A, B and G, trade togetiber, and funrish 

money in proportion to the numbers m, n and p, respect- 
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iydij; tbejr gain a eertein sum a. What is each man's 
•hare of the gain? 

Sittoe eadi man's share of the gain should be In pro- 
portion to the sum contributed bj him to the common stock, 
ve shall have, patting x^ y and z lor the shares of each 
respectiyeljy the following equal ratios : 
ximiiyin ::z :pi 
whence, taking the sum of die antecedents and that of the 
eoBsequcBtSy 

::y :n 
::z ip; 

bat a:-|-y + «=:a; 

whence, by substitution, a:»» + «-|-p::x:wt; 

wherefore , (m-|-n+p)a; = ma, 

and X = — ] ; — = A's share. 

Likewise y = ; ; — = B*s share, 

and « = — p^ — : — z= Cs share. 

We have, therefore, the following rale, by which to find 
each man's share of the gain. Multiply the toboU gain by 
each man*s proportion of the stocky and dhnde by the sum 
of the proportions. 

The process by which the rule is obtained, it is evident, 
will be the same, whateyer the number of persons engag- 
ed in company. The rule is, therefore, generaL 

The following examples will serve as an exerdse for the 
learner: 

Ex. 1. Four persons, A, B, Q D, trade in company, 
and make a dear gain of 81,250. A put in 97^, B 
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SM50, C $1,575 and D $2,100. What is each man's 

share of the gain? 

Ans. A's $159 57, B's $308 61, Cs 335 10, m $446 80. 

Ex. 2. A, B and G trade in company. A's stock is 
$240, B's $360 and C's $600. They gain $325. What 
is each man's share of the gain ? 

Ans. A's $65 00, B's $97 50 and Cs $162 50. 

Ex. 3. A man, dying, leayes property to the amount of 
$3,000. A has a note of $600 against the estate, B has 
a note of $1,800 and C a note of $1,600. How much must 
each lose? Ans. A $150, B $450 and G $400. 

LXm. In the preceding examples, each man's stock 
has heen employed for the same time. This is called Smr- 
gle FeUmmMp. But the times may also he different for 
which the stock of each man is employed in trade. This 
is called Double Fellowship. 

Let us now make a rule for Douhle Fellowship. Be- 
fore proceeding to this, we remark that when we have ac- 
casion to represent several things of a kind, it is conven- 
ient to represent each hy the same letter, and to distinguish 
hetween them hy means of accents applied to this letter. 
Suppose, for example, that we wish to indicate different 
periods of time ; denoting the first hy ^, the second may 
he denoted hy t'j the third by ^', and so on. 

The question for Douhle Fellowship may be stated in 
general terms thus : 

Three merchants. A, B, G, enter into partnership. 
They advance sums denoted by p, p'j p"^ which they con- 
tinue in trade for times denoted by t, t', *", respectively. 
They gain a sum a. What is each man's share of the 
gain? 

The letters p,p',y denote sums referred to the same 
12* 
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imit^ as dollars, pounds, &o.; a^d ihe letters t, fy t" denote 
periods of time referred to.the same unit, as days, months^ 
years, &c. 

It is evident that each man's share of the gain should 
depend, 1^, upon his proportion of t)ie stock; 2°, upon 
the time during whidi his stock is employed in trade. The 
shares wijl|be, therefore, as the stock multiplied by the 
time, or in the compound ratio of both. 

Let X, x^f x" represent the slhares of the three persons^ 
respectively, in the gain; then 

x:pt::x':p'fi:x":p"t"; 
whence x + x' ^ x'' :pt + p^f •{•p^'f^ ::x:pt 

iixfip'f 
iixf'ipf'V': 

whence by substitution^ &c., 

{pt-^p^ '\'pf'P^xz=zapt 

apt 

To find, therefore, a share of the gain, 1^, Mdtipty 
each maTCt stock hy the time it is in trade, and consider the 
product as his share of the joint stock. 2^, Multiply each 
mavUs share in ihe joint stock hy the whde gain^ and divide 
by the sum of the joint stocks. 

iThe formula for « in this case returns, it is evident, to 
that for Single Fellowship, if we suppose ff t" each equal 
to U The formula for the latter is, therefore, comprehend* 
ed in this* 

Ex. 1. Three men trade in company. A put in Si,000 
for 12 months, B put in $3,000 for 15 months and C put 
in 85,000 for 6 months. The whole gain was S615« What 
were their respectire shares? 

Ajis. A's S240, B's 8225, Cs 8150. 
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Ek. 2. T^o mea tni4e io company ; ooe pqta in. •1,000 
for 18 months, the other $1,200 for 6 mwtiha. Thej gain 
$400. What is each man's share of the gain? 

A'^$285 73»Fs$114 28. 

Ex. 8. Four men tr^e^ ccpipany. A puts in $900 
for 6 months, B $1,200 for 9 months, C $1,500 for 8^ 
months, D $1,800 for 12 months. They gain $850. What 
is each man's share of the gain? 
An9. A's $108 51, B's $217 02, G's $90 42,D's $484 04 

I1TT]|IL]BS,T. 

LXIV. Interest is the sum paid for the use of money. 
It is usuaBy reckoned at so much per cent, that is, at so 
much upon the 100, whatever the denomination of money 
employed. Thus, if $6 are paid for the use of $100 for 
a year, the interest is said to be 6 per cent, a year. 

The sum loaned is called the principal; the principal 
and interest added together is called the amouMt. 

The interest of 1, as $1, £1, &c, for a year, is called 
the rate. Thus, at 6 per cent, the ra^ will be .06 ; at 5 
per cent, it will be .06. 

Interest depends, it is evident, upon the rate, and also 
upon the time. To find the interest, therefore, we multi- 
ply the principal by the product oi the rate by the time. 
When interest is paid upon the principal only, it is called 
simple interest. 

The following general question will comprehend the 
different questions respecting interest. 

1. What sum of money must be put at interest, at a 
given rate, in order to amount to a ^ven sum, in a given 
time? 
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Let ;» = the principal, or sum put at interest, 

r =z the rate, 

a = the given amount, 

t = the given time. 
Then bj the questi<m p -f-^f > :^ a, 
or (1 + ^^)P = ^ 9 

whence p = •; — , ^ ■. 

■^ J + fr 

We have, therefore, the following rule by which to find 
the principal, viz : Multiply the rate by the timSy and add 
1 to the product; dwide the amount by the sum thus ob- 
tained^ and the quotient ttnU be the principal, 

Ex. 1. A man lent a certain sum of money at 6 per 
cent.; at the end of 5 years he received for principal and 
interest $ 292 50. What was the sum lent ? 

Ans. $225. 

Ex. 2. A man put at interest a certain sum for 4 
years, at 7 per cent. At the end of the time, he receiv- 
ed for principal «id interest $1216. What was the sum 
lent? Ans. S950. 

Ex. 3. A merchant finds that he has gained 20 per 
cent upon his capital, and that by this means it has in- 
cieased to 1890. What was his capital ? Aks. $1575. 

The equation p-^ ^rp = a, contains four different 
things, any one of which may be determined, when the 
others are known. 

2. Let it be required to determine for what time a 
g^ven principal must be put at interest, in order to amount 
to a given sum at a given rate ; from the equation 

p + trp = a, 
We deduce the value of t, which gives 
^_a—p 
rp 
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Fromwldjpliwe derive the f<^owiog rtde: Fmm the 
ammnt subtract the priTudpal, and dwide the renumder 5y 
the product af the rate nadtipUed hy the principal, 

Ex. 1. A man put at interest $440 at 4 per cent. ; at 
the end of the time, he reeeiy^d for principal and interest 
$510 40. For what time was the money lent ? 

Ans. 4 years. 
Ex. 2. A man put at interest $450 50 at 6 per cent; 
at the end of the time, he received for principal and ia- 
terest $531 59. How long was his money lent? 

Ans. 3 years. 

3. Let it be reqnired next, to determine at what rate 
a ^ven principal must he put at interest, in order to 
amonnt to a given sum, in a given time. 

From the equation p -{-trpzuOj deducing the value 
of r, we have 

a — p 

Whence to find the rate : From the amount we subtract 
the princ^foli and divide the remamder by the product of 
the time by the principal. 

Ex. 1. A gentleman puts out $125 for 6 years; at 
the end of the time he received $155 for principal and 
interest. At what rate per cent did he loan his money ? 

Ans. 3 per cent. 

Ex. 2. A man puts at interest $780 for 10 years ; at 
the end of the time he receives for principal and interest 
$1170. At what rate per cent, was his jnoney put out ? 

Aks. 5 per cent. 

4. Let it next be required to determine how long a 
given sum must be kept at interest in order to be doubled, 
tripled, &c. 
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Let Ir denote tin aiuiber of times die pfiadpal ii re* 
^pdMd to be ri^eatedy then, m ih% geneml feiiBala p -f- 
^r|? == ds 0^ U is eridesty mivt be equal to ip; wfaenee 

p + trp=zkp, 
or 1 + tr ^k; 

whence t = . 

The time, it is erident, is independent ci the princ^al» 
that Ssy the ttfne will be the nme whatever the earn put 
out. 

Ex. 1. When will a principal be doubled at 6 per 
cent? Ans, la 16} years* 

Ex* 2. When will a i^incipal be tripled at 5 per 
cent.? Ave. In 40 jeank 

DISCOUNT. 

LXV. Discount is an allowance made for the payment 
of money be&re it is due. 

The present toorth of a debt due some time hence is a 
gum that, put at interest, will amount to the debt when it 
becomes due. 

The ^Uflconnt is found by subtrading the present worth 
from the amount of Ihe debt, or sum doe. 

In the general formula for interest) if we regard a as 
the sum due, p its* present worth, we have 



What discount diould be made forthe presmt payment 
of a debt of $246 21, due 2 years and 8 months, or 2| 
years hence^ interest being reckoned at 6 per cent? 

By the formula we obtam for Ihe present wcwth $212 25, 
The discount is, therefore, $33 96. 
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We m»7, howeYer, make a rule bjwhieh to find the 
diBOOimtdmetlj* Li ozder to this, letd = the diseoimii 

a 



then d=a 

whence d 



1 + tt' 
tra 



1 + tr 

To find the disooanty therefore, Mdtipfy the debt b^ the 
product qf the time ly the rate; oddvmtynextto theprod^ 
uct of the time by the rate; ^fynner quantity^ divided bff 
the latter^ wiU be the discount. 

Ex. 1. What is the discount of $129 85 for one year, 
at 6 per oent? Aira. S7 35. 

Ex. 3. How much readj money will purchase a note of 
$1719 04, due^fi 3rear8 hence, discounting at 6 per cent ? 

Ans. $1,264. 

Ex. 3. Suppose I owe a note of $560, to be paid in 
4 years and 3 months, and widbi to pay it now ; what 
must be discounted for present payment? 

Ans. 114 43... 

paoeasssioNs. 

LXVL When a series of numbers increase or decrease 
by a constant ratio, the series is called a progressum. 

If the series increase or decrease by the addition, or 
subtraction, of the same number, it is called a progression 
by difference. 

Thus the numbers 1, 4, 7, 10, form a progression by 
difference. 

The number by which the successive terms of the ser- 
ies increase or decrease is called the eommon difference or 
ratio. Thus, in the series 1, 4, 7, 1^, the ratio is 3. 
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The series is said to be tncreadi^ or decreasing ac- 
cording as its terms are finmed bj the sucoessive addition 
or subtraction of the ratio. 

Let a, ^, c, ^, . . • be the successive terms of a pro- 
gression by difference ; the progression is indicated thus : 
-7- a . 6 . c • ^ . . . . 

2. If the series increase by a common multiplier, or 
decrease by a common divisor, it is caUed a geometricti 
progression^ (xt^ progression by quotient. 

The number by which we multifdy, or divide, is called 
the ratio. 

If we pass from one term to the next following by 
multiplying by the ratio, the series is called an inoreasing 
progression; if by dividing, it is called a de^feasing pro- 
gression. 

Thus of the two following series 

8,. 9, 27, 81, 243 
343,81,27, 9, 8. 
The first is an increasing, the second a decreasing pro- 
gression by quotient In the first, we pass from one term 
to the next following, by multiplying by 3 ; in the second 
by dividing by 8, or, which is the same thin^ by multi- 
plying by i. In general, it will be most convenient to 
regard the ratio as a multiplier, either entire or fraction- 
al. If the progression is decreasing, the ratio will be a 
proper fraction, or less than unity. 

The ratio is found by dividing any term by that whidi 
immediately precedes it. In the first of the series above 
the ratio is 3, in the second it is ^. 

Let a,byC,d...hea, progression by quotient The 
progression is indicated thus : 

# a:h zeidi . ,^ 
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The first a»d last termB of a progression are eaUed the ' 
extremes^ the intermecBate ones the tnearu. 

PROPERTIES OF PROGRESSIONS BT DIFFERENCE. 

LXVII. Let us take the increasing progression by dif- 
fererence -^ a .h • c , k ,1 . , , 

Let d be Che oommon difference. Then, from the na- 
ture of the progression, we have 
azu a 

c = a^2d 
k = a^^d 

Here the second term, it is evident, is equal to the first 
•4- the ratio, the third is equal to the first 4* ^^"^ the 
ratio, the fourth is equal to the first -j~ three times the 
ratio, and so on. And, in general, it will be seen, that 
an J term of the series is equal to the first term -4- the 
ratio taken a number of times less one, than the number 
of the term in the series. 

Let L be any term of the series, and n the number 
which marks its place ; we shall have, if the series is in- 
creasing, i = «-f-(7i — l)rf; 
if decreasing, L = a — {n — \)d. 

Ex. 1. What is the iOth term of the increasing pro- 
gression, in which the first term is 8 and the ratio 2 ? 

Ans. 21. 

Ex. 2. What is the Idth term of the decreasing pro* 
gression, in which the first term is 62 and the ratio 3 ? 

Ans. 20. 

Ex. d. A man bought 50 yards of doth, for which he 
was to pay 6 cents for the first yard, 9 cents for the second, 
13 
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and so on, iocreaaiog bj the comiiioii differmioe 3. How 
much did he pay iar the last yard? Ans. 91 53. 

Ex. 4. A man agrees to dig a well 50 feet deep for 
what the last foot would come to, supposing that he were 
to receiTe 75 cents for the first foot, 91 25 for the second, 
and so on. What did he recdve for digging the well? 

Ans. 925 25. 

LXVlU. The expression for L contains four different 
things, viz.y LfO^n and d, any one of which may be found^ 
when the other three are given. 

1. What is the formula for n, when the other things are 

^Yen? Ans. n = — ~ 1- 1. 

Ex. 1 The extremes of a progression by difference 
are 2 and 23, and the ratio is 3. What is the number of 
terms? Ans. 8. 

Ex. 2. A man traveled from a certidn place to Boston. 
He went 7 miles the first day and 52 the last, having in- 
creased each day the distance traveled by 5 miles. How 
many days was he on the road ? Ans. 10 days. 

2. Let the learner prepare the formula, and solve the 
fidbwing questions. 

Ex. 1. A man has 8 sons; the youngest is 4 years old, 
and the eldest is 32, their ages increasing in arithmetical 
jwogressicH). What is the common diff<^ence of their ages? 

Ans. 4 years. 

Ex. 2. A traveler is 13 days upon his journey. He 
travels 14 miles the first day and SO the last, increasing 
the distance travded each day by the same number of 
miles. What was the daily increase? Ans. 3 miles. 

3. State the mles derived from the foroMilas in the pre- 
ceding immben, 
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LXIX. Let US rerame ihe general progression 

ThisfTetiimslo-^a* (a + d) .(a + 2d) . .. .1 Pot- 
ting £1 for the sum of all the terms, and writing the series 
under itself in an inverse order, we have 

S=il+(l — a) + (l — 2d)+....a; 
adding both, 

2S=z(a+l) + (a + l) + {a+}) + ....{a + l)i 
or, taking n terms, 2 5 =in (a -f- Q ; 

whence 5=^^(^10.(1) 

To find, therefore, the sum of all the terms, when the 
extremes and the number of terms are given, Multiply 
the sum of the extremes by the immber of terms, and take 

one-half of the product. 

Ex. 1. In a progression by difference, the first term is 
5, the last term 62 and the number of terms 20. What 
is the sum of the series? Ans. 670. 

Ex. 2. How many strokes does the hammer of a dock 
Btiike in 12 hours? Ansl 78. 

Ex. 3. If 100 eggs were placed in a right line, exactly 
one yard £com each other, and the first one yard from a 
basket, what distance will a man travel who @khers Ihem 
up sin^y and places them in the basket ? 

Ans. 5 m^es, 1,300 yds. 

Ex. 4. A student purchased a lot of books, amounfang 
in all to 50. The prices were in arithmetical progression. 
For the lowest price he paid 25 cents, for the highest $1 70. 
How much did his books cost him ? Ans. $48 75* 

LXX. The equation 2 S = n (a-^l) contains four 
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quantities, yiz.^ S, n, a mad l, any ooe of whieh may be 
found when the other three ajre given. 

1« L^ it be required to find a formula for ft, the other 
tUi^ being given; we have 

28 
tf + l 

Ex. 1. The first term of a progression by difference is 
8, the last term 41 and the sum of the series 440. What 
is the number of terms ? Ans* 20. 

Ex. 2. A farmer set out 580 trees in his orchard, so 
that the successive rows f(Nrmed a progression by differ- 
ence. In the first row he put 10, and in the last 48. How 
many rows were there ? Ai«s. 20. 

2. Let the learner prepare formulas for a and Z, and 
solve the following examples : 

Ex. 1. The sum of a progression by difference is 670, 
the number of terms 20 and the last term 62. What is 
the first term? Ans. 5. 

Ex. 2. A traveler who had been 25 days on the road 
found that he had made 600 miles. The distances IraveL 
ed eabh day were in arithmetical progression, and he had 
traveled' the last day 44 miles. How many miles did he' 
travel the first day ? Ans. 4 miles. 

£z. 8. The sura of a progreBsson by difference is 2,885, ' 
the first term is 7 and the nand)er of terms 20. Whalis 
the last term ? Ans. 281^. 

Sx. 4. A car runs down an inclined plane of 1,500 
feet in 40 seconds, its speed mcreasing each second in 
arithmetical progression. It ran 10 feet the first second s 
how many feet did it run the last? Ans. 65 feetv 

LXXI. The formulas 
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omnprohend aU the cases which ocear in arkhmetical pto- 
gressioii. 

1. If 75 acres of knd are sold at the rate of 15 cents 
for the first acre, 20 for the seoHid, 25 for the third, and 
so oa, what is the whole amount of the sale? 

In this question we have given, the first term, the nom- 
her of termsaad the ratio to find the sum of all the terms. 
In order to this, from the formula for L we find'first what 
the last flcxB cost, or the last term of the series. Thia is 
385 cents. By means next of the formula for S, we ob- 
tain $150 00, the sum for which the whole 75 acres were 
sold. 

If we substitute for 2 in the second formula its value in 
the fixBt, we have 

«[2a + («-l)<f| _ n(n — \)d 

from which the value of S, or the answer required, is ob-> 
tained directly from the data given in the question* 

Ex. 1. A man being anxious to purchase a horse, of* 
fers 1 dollar for the first nail in his shoes,! for the second, 
and so on, in arithmetical progression* Now there being 
8 nails in each shoe, what will the horse cost him ? 

Ans, $1,520. 

Ex. 2. A gentleman purchased 80 yards of cloth, giv- 
ing 6 cents for the first yard, 10 for the second, and so 
on, in arithmetical progression. What did the cloth cost 
him? Ans. $181 20. 

Ex. 3. A car, descending an inclined plane, moves 5 

feet the first second, 15 the second, 25 the third, and so 

on, increasing 10 feet every second. How far will it move 

in a minute? Ans. 18,000 feet, or 3^ miles. 

. Ex, 4. A laborer agreed to dig a well 40 feet deep, 
13* 
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fivr wUA he was to be paid m folkw«: SO oents for the 
first foot, 50 for the second, and so on increasing 20 cents 
for each subsequent foot. What did he reoeiye for the 
wtelejob? Axs. $168 00. 

Ex. 5. The resistance of the air not b^g considered, 
a hestirf body would ftU, in the air, ftroagb a q[mce of 
ie.1 feet in the fint second, 4g.8 ftet in the next, and so 
on, inci«asitag82«2 feet eac^ succeeding second* 'nuoag^ 
how mkaj feet would it M in 10 seomds ? Ans. 1,610» 

Sx. 6. A gentleman hire^ a servant, and promises him 
for ihe first year only S80 in wages, but for eadi following 
year S4j^ more than for the preceding. The servant re- 
mained with him 17 years. What Was the whole amoant 
of his wages? Ans. $1,128. 

2. Ih a company, the conversation turning on domestic 
economy, a person said, ^<This year I have saved $78, 
an^ since I first entered into employment until now, I have 
saved of my salary each year $2 more ^an in the preced- 
ing." The person was in ofiice 25 years. What was 
the whole amount of his savings ? 

In tliis example, we have given the last term, the num- 
ber of terms and the ratio, to find the sum of all the terms, 
or ly n and (f, to find S, 

To make a formula for this case, we eliminate a, which 
is not one of the given or required things, from the two 
equations, £ = a -(- (n — l)d, S = ^ w (a -f- Q. 
Finding for this purpose the value of a in each, and equat- 
ing the results, we have 

2S—nl _ ... 
= L — ^ a -i- a, 

n ' 

an equation which contains the three giv^i things, n^ I and 
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d, and the required Hbaogf & Dedndag die Tdae of iUa 
last, we hftve for tlie fonnala seqiared 

S = n?- ^<^1-^ . (3) 

Ffom wbieh we oblaiO) fcff the aaswer to the proposed 
queatioii, f M50. 

£x. 1. A penon was eondenmed by the ju^ to pay 
a iae ia 16 different instaUmentes ew^ ioBtidlmeiit to be 
S4 SMNrethaa the preceding, andthelast tobe S80. What 
was the amount of the fine ? Airs. $800. 

Ex. 2. In a foundery, a person saw 15 rows of cannon 
bails, placed one above the other, each row, from the first 
to the last, containing 20 balls leas than the one immedi- 
ately below it. In the lowest row there were 420 balls. 
How masny were there in the whole pile ? Ans. 4,200. 

3. A debtor, being unable to pay his debt at once, 
agrees with his creditor to disdiarge it by monthly install- 
ments, paying each month $50 more than in the preceding 
one. The first instaUment was $600, and the last $1,250. 
What was the amount of the debt ? 

In this example, we have given a, d and Z, to find & 
Eliminating n from the two fundamental equations, 
i = a+ {n^l)d, S = i»(o + 0, 
we obtain an equation which contains the three given 
things, Of d and 2, and the reqidred thing, &; and firom 
which we obtain 

Applying this to the proposed question, we obtain $12,^0 
for the answer. 

Ex. 1. A traveler, who wishes to be at the place of 
his destuiation in 20 days, expedites Ms journey so much 
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that he goes eaeh day 8 n^es mofe duui the preoedtng. 
He traveld the first day 15 mstoB, and the last 72 mfles. 
How many miles did his whole journey amount to? 

Ans. 970 miles. 

Ex. 2. A rocket, as it rises in the air, loses 5 feet of 
its Telocity, or the space it passes through, each second. 
Its velodfy the first seoond was 70 feet, and the last 10 
feet. The time of its ascent was 13 seconds ; how hi^ 
did it rise? Am. 520 feet 

LXXn. The formula for Ly with those now obtained 
fo^ S, comprise all the different cases which occur, in which 
three of the things in a progressiog^ by difference being 
^ven, a foarth is required. 

These different cases are, it is easy to see, 20 in num- 
ber. Foar of them, as for example, when a, d and S are 
given to find n, involving equations of a higher degree than 
those we have thus far considered, we are not now pre- 
pared to solve. The learner may, however, prepare the 
formalas, and solve the following particnlar cases : 

Ex. 1. The sum of all the terms in a progression by 
difference is 155, the last term is 10 and the namber of 
terms 30. What is the common difference ? Ans. ^. 

Ex. 2. A merchant has S2,535 to pay by 15 install- 
ments. The first one was S50, but each succee^ng one 
was invariably greater than the one preceding, so that the 
last installment was $288. What was the common differ- 
ence between each successive payment? Ans. S17, 

Ex. 3. In a progression by difference, the sum of all 
the terms is 450, the last term is 50 and the number of 
terms 15. What is the common difference? Ans. 2f. 

Ex. 4. A &ther, dying, bequeathed his pn^perty, 
amounting to $41,400, to his 9 sons. To the youngest he 
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gave tS^flOO, and to the otJiers less, cbcreaaiag xegdarty 
bj a ocmstaiit differeaee. What was this ccAstai^ differ* 
ence? Anb, $150. 

Ex. S. What is the first tena of an arithmetical pro- 
gressioD, the number of ternu being 100, the cammaa 
difference 3 and the sum of all the terms 15,350 ? 

An8. 5. 

Ex. 6. A stone is thrown vertically upward, with a 
force which causes it to pass through 180 feet the first sec- 
ond. It rises with a velijcity decreasing by the same quan- 
tity for 1^ seconds, when it has reached the hei^ of 1,170 
feet. Through what space did it pass during the last sec- 
ond of its ascent? Ans. 15 feet 

LXXTTL We dose with the following problem : Be- 
tween the numbers 7 and 106, it is required to insert 10 
mean terms, so that with these, Ihey shall form a progrea* 
sion by difibrence. 

In order to solve the problenitit is necessary to find the 
common difference (^ the terms* The f<Haaula for L gives 
for this purpose 

L — a 

n — 1 
from which we obtain 9 for the common difference ; whence 
the series will be easily found. 

^ Ex. Insert between the numbers 3 and 32 six mean 
tonns, 

PROPERTIES OF PROGRESSIONS RT qUOTIENT. 

LZXIV. Resuming the general progression ^a:b 
I c : d,..y and putting g = the ratio, we have 
b =: aq 
c =z bq:=z a^ 
dz:zeq =z aff 
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Fran wbieh we learn, that to frid anj tmn i3iibBS6- 
T^wefmdt^theftrsttermhytheroHoraimdtoaptneer , 
one less than the mimber of the terms. 

Let L represent any term of the series ; the formola 
oenresponding to the rule will be 

Ex. 1. What is the 8th term of the pn^ressiwi 
2:4:8...? Ans. 256. 

Ex. 2. Required the last term of a progression by qoo- 
tient) of which the first term is 5, the ratio 2 and the num- 
ber of terms 8. Ans. 640. 

Ex. 3. A gentleman, dyii^, left nine sons, and be- 
queathed his estate in the following manner : to his exec- 
utors £50; his youngest son to have twice as much as the 
executors, and each son to have double the amount of the 
son next younger. What was the eldest son's portion ? 

Aks. £25,600. 

The expression for L contains four things, L,a,q and 
n, any three <tf which may be given to find the fourth. 

The formula will be easily obtained for the following 
case: 

Ex. 1. The last term of a progression by quotient is 
1,536, the ratio 2 and the number of terms 10. What is 
the first term? Ans. 8. , 

Ex. 2. The last term of a progression by quotient is- 
^, the ratio i and the number of terms 8. What is the 
first term? Ans. 32. 

LXXY. Returning to the general progression 

we have, as above, 

b=zaq,c=zbq^d:=i eq,...l = kq; 
adding these equations, monber to member, 

b + c + d + ...l=(a + h + c+...k)q. (1) 
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Let S repveseat the sum of all th^ terms ; then 

Whence by substitution in equation (1) 
S-a=zq(S-l) 

and S=^J^. 

q — 1 

We have, therefore, the following rule, by which to find 
the sum of any number of the terms of a progression by 
quotient : MvUij^y the last term by the ration subtract the 
Jkst term frtmithkprodiwt^ and divide the remainder by 
the ratio diminished by unity, 

Ex. 1. The last term of a progression by quotient is 
5103, the first term 7, and the ratio 3 ; what is the sum 
of all the terms ? Ans. 7651. 

Ex. 2. The first term of a progression by quotient is 2, 
the ratio 3, and the last term 4374 ; what is the sum of 
all the terms ? Ans. 6560. 

Ex. 3. The first term a£ a progression by quotient is 
7, the ratio ^, and the last term If; what is the sum of all 
the terms? Ans. 12^. 

Ex. 4. If I discharge a debt, by paying 1 dollar the 
first month, 4 the second, ^md so on, in a four fold ratio, 
the last payment being $65,536; what was the whole 
debt? Ans. 987,381. 

LXXVI. The expression for S contains four things, 
S, q, I and a, any three of which may be given, to find 
the fourth. 

1. If 2 be required, the other things being given, we 
have 
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Ex. 1. The sum of a progred&ion bj quolieiit is 2843, 
the first term 8, and the raitio.5 ; what is the last term? 

Ans. 1875. 

2. What is the formula for a, the other things being 
g^yen? 

Ex. What is the first term of a progression by qao- 
tienty the sum of which is 1785, the last term 896, and 
the ratio 2 ? Ans. 7. 

8. What is the formula for q, the other things being 
given? 

Ex. The sum of a progression by quotient is 27,305, 
the last term 20,480, the first term 5 ; what is the ratio ? 

Ans. 4. 

LXXyn. From the fundamental equations 

formulas may be derived for all the variations of the 
data, which can occur. But these, in general, involve 
equations of a hij^er degree, than those we have thus far 
considered. We shall taJse only the foUowing.case. 

What is the formula for S, when a, q, and n, are the 
(pven things ? 

q—l 
Ex. 1. Bequired the sum of 11 terms of the pn^ves- 
sion 3 : 9 : 27 . . . . Ans. 265,719. 

Ex. 2. A man sold 15 yards of cloth ; the first yaii*d 
for 1 shilling, the second for 2, the third for 4, and so on. 
For how much did he sell the whole? Ans. £1688 7*. 

Ex. 3. If the human race, after making a proper de- 
duction for those who died, had doubled every 20 years, 
how many of the descendants of Adam would have been 
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Hving when lie was 500 years old? Ans. 83^54,490. 

POSITION. 

LXX Vin. This name is given, in arithmetic to a rule 
by which many difficult questions may be solved, by as- 
suming one or more numbers for the answer, and working 
upon them as if they were the true answer. 

Let it be proposed, for example, to find a number such, 
that its half, fourth^and fifth parts may together be equal 
to 76. 

Let us suppose that 100 is the number. Working yriih 
this as if it were the true number, we find that its half, 
fourth and fifth parts are together equal to 95, a result too 
great by 19 ; 100 is not, therefore, the right number. 

The rule of position teaches how to find the true num- 
ber by means of the operations we have performed upon 
this supposed number. 

To demonstrate the rule, let x be the true answer to the 
proposed question. Let the operations required to be per- 
formed upon X be such, that in their aggregate we shall 
have a times x, and for the result of these operations a 
number b; or in other words, that from the conditions of 
the question we derive the equation 
ax=z 5, (1) 
X being the true answer, and a and b known numbers. 

Let us assume a number, z', to be the answer, and per- 
forming upon this the same operations that we have per- 
formed upon 07, let the result be b^; x! will not be the true 
number, since the result is dififerent from b. We shall 
have, nevertheless, the equation 

ax' = b'. (2) 
14 
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Comparing the eqaations (1) and (2), we have 
ax : ax^ \ih ib' 
y ihiixfix. 
That is, the false remit is to the true^ or that gwen in, 
the question^ as the false or supposed rmwber is to the true 
or required number. 

Finding the yalue of x from this proportion, we have 
_x^ 

LXXIX. If one assumed number only is employed, the 
process is called Single Position, We have, therefore, 
the following rule for Single Position : 

V. Assume any convenient number and perform upon it 
the operations required by the conditions of the question. 

2^. Multiply the assumed number by the true result and 
divide the product by the result obtained with the assumed 
number. 

Applying the rule to the question proposed, we have 
10^X_76 

95 ' 

the true number, or answer. 

This rule will apply to all questions which give an equa- 
tion of the form ax = b, that is, in which x does not occur 
in one member, and is a factor of all the terms of the other. 
The proposed is evidently of this class, since, putting x 
for the number sought, it gives the equation 

or (20 + 10 + 8) a? = 3040. 

The rule will, therefore, apply to all questions in which 
the required number is increased or diminished by any of 
its parts or multiples, either by addition, subtraction, mul- 
tiplication or division. 
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Ex. 1. A man bought a horse, chaise and harness for 
$216. The horse cost twice as much as the harness, and 
the harness one-third as much as the chaise. What was 
the cost of the chaise ? Ans. $108. 

Ex. 2. A schoolmaster, being asked how many schol- 
ars he had, replied, if he had as many more, j- and j- as 
many more, he would have 88. How many had he ? 

Ans. 32. 

Ex. 3. A commission merchant received 2^ per cent, 
for the sale of an invoice of merchandise. What was the 
amount of the invoice, the total amount of the sale and 
commission being $1666 24? Ans. $1625 60. 

Ex. 4. A man performed a journey of 630 miles, go- 
ing twice as far the second day as on the first, and three 
times as far the third day as on the second. How far did 
he travel each day ? Ans. 70 miles the first day, &c. 

Ex. 5, A man, going to market, was met by another, 
who said, ^< Grood morrow, neighbor, with your hundred 
geese." He replied, <<I have not a hundred ; but if I had 
as many more, and half as many more, and two geese and 
a half besides, I should have a hundred." How many 
had he? Ans. 39. 

Ex. 6. If 18 per cent is lost by selling merchandise 
at $2,050, at what price should it have been sold to lose 
only 10 per cent.? Ans. $2,250. 

Ex. 7. A and B, having found a purse of money, dis- 
puted who should have it. A said that ^, ^ and ^^ of 
it amounted to $35, and if B would tell him how much 
was in it, he should have the whole ; otherwise, he should 
have nothing. How much did the purse contain ? 

Ans. $100. 

Ex 8. A laborer received $1 50 for every day he 
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worked, and lost 50 cents ererj daj he was idle. Me 
woiked twice as many dajs as he was idle, and at the end 
of the time he received $42 50. How many days did he 
work? Ans. 34 days. 

LXXX. The question sometimes requires that two as- 
sumed numbers should be employed. The process in this 
case is called Double Position. 

To demonstrate the rule, let it be supposed that z is the 
true answer, and that the operations required by the ques- 
tion lead to an equation of the form 

ax -\' b =z ex -^ d. 
By transposition, this equation becomes 

^a — c)z + b — d=:0. (1) 
Let us now assume a number x'. and performing upon 
ay the same operati<His that are performed upon a?, suppose 
we have (a — c) x^ -^ b — d = e; (2) 
X* cannot be the number, since, e being different from 0, 
the operations performed upon it lead to a false result. 

Suppose, again, another number, a/', and that perform^ 
ing upon it the same operations as upon ar, we have 

(a — c)x'' + b — d = e'; (8) 
x'* cannot be the true number, since the result, e*, differing 
from 0, is also a false result. 

This being done, equation (1), subtracted from (2), gives 
(a — c)(x' — x)=ze; (4) 
subtracted from (3), it gives 

(a — c) (x" — x) = e'. (5) 
Dividing (4) by (5), and striking out the common fac- 
x' — x e 



tor a- 



x" — z cf' 



From which we obtain x = — 

e—e* ' 
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We hare supposed the errors e, e! both alike, that is, 
both + or both — . If thej are unUke, that is, if one is 
+ and the other — ^ the formula for x will then be 
eod' + €fx' 

From which we deduce the following rule for Double 
Position : 

1°. Assume tivo converdeTtt Toimhers^ arid proceed vnth 
them according to the conditions of the question, and note 
the error, 

2**. Multiply the first supposed mimher by the second er- 
ror, and the second supposed number ly the first error. 

3°. If the errors are alike^ that is^ if both are too great 
or both too smaUy dimde the difference of the products by 
the difference of the errors. 

4?, But if the errors are unlike, that is, one too great 
and the other too small, divide the sum of the products ky 
the sum of the errors. 

Ex. 1. Five times a certain number increased bj 12, 
is equivalent to 7 times the number, diminished by 20. 
What is the number ? 

Suppose that it is 20. Performing the operations indi- 
cated in the question, the error will be + ^ ; suppose next 
that it is 18, the error will then be + 4; whence by the 

18 X 8 —20 X 4 ,- ^, 

rule, 1^-5 3 — ^-^— = 16, the answer. 

o — 4 • 

Ex. 2. Two men have the same income. A saves -J- 
of his, but B spends $325 per year more than A, and at 
the end of 5 years finds himself 9625 in debt. What is 
the annual income of each ? 
13* 
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First suppose 9800, the error will be -f- ^^ ; t^^^ sup- 
pose $1,200 the error will be — 200 ; whence 

800X200 + 1200X200 ^ ^^^^^ ^^^ ^^^^^ 
400 

Ex. 3. A man being asked, in the afternoon, what 
o'clock it was, answered that the time past from noon was 
equal to ^ of the time to midnight. Required the time. 
Ans. 20 minutes past 1 o'clock. 

Ex. 4. What number is that whose half is as much 
less than 75, as its double is greater than 94 ? 

Ans. 67f 

Ex. 5, A man divided a certain sum of money equally 
between his son and daughter ; but had he given his son 
33 dollars more, and his daughter 47 dollars less, her share 
would have been but ^ of his. What was the sum divid- 
ed? Ans. $174. 

Ex. 6. What number is that, which being multiplied 
by 4 and 30 subtracted from the product, and being divided 
by 4 and 30 added to the quotient, the sum and difference 
shall be equal ? Ans. 16. 

LXXXI The errors being found as in the preceding 
examples, a correction may be applied to either of the as- 
sumed numbers, so as to obtain the required number im- 
mediately from it. Thus in the formula above, e being 
one of the errors, and oc' the assumed number from which 
it is deriyed, let x' be less than a?. Putting y for the cor- 
rection to be applied to x'^ we have 

. , ex" — cV . 

(xf* — ^c') c 
from which we obtain y =z ^ ; 
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or if o:' be greater than x, 

(x! — z") e 
^ e — e' 

Having obtained this formula for the correction of one 
of the assumed numbers, we have the following rule for 
Double Position: 

1**. Assume tioo convenient numbers and perform upon 
each the operations required in the question. 

2®. Note the errors of the results and mark each of them 
with the sign -[- or — , according as it is in excess or defect. 

3°. Multiply the difference of the assumed numbers by 
either of the errors^ and divide by the difference of the er- 
rors if they are alikey or by their sum if they are unlike ; 
the quotient vnll be a correction to be applied to the asswned 
number which produced the error by which toe multiply, 

4®. If the assumed rmmber is greater than the true^ the 
correction subtracted from it^ or if it be less, the Correction 
added to it^ tmU give the true number. 

We give a few additional examples. 

Ex. 1. A man agreed to carry 20 earthen vessels to 
a certain place on this condition ; that for every one de- 
livered safe he should receive 11 cents, and for every one 
he broke he should forfeit 13 cents ; he received 124 cents. 
How many did he break? Ans. 4. 

Ex. 2. A man being asked what his carriage cost, re- 
plied, " If it had cost twice as much as it did, and $20 more, 
it would have cost $370." What was the cost of the car- 
riage? Ans. $175. 

Ex. 3. Two boys, standing with bows and arrows on 
the bank of a river, undertook to shoot across it ; the ar- 
row of the first boy fell 10 yards short of the opposite 
bank, and that of the second fell 10 yards beyond it ; now 
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it was found that the first hoy shot onlj -jBi- as far as the 
second. What was the breadth of the river? 

Ans. 100 yards. 

Ex. 4. A merchant increases his capital yearly by 20 
per cent,, but takes from it every year $1,000 for the sup* 
port of himself and £unily. After he had carried on his 
business, in this manner, for 3 years, he finds, afler de- 
ducting the usual sum of 91,000, that his capital has in- 
creased S200 more than f of the original sum. What 
was his original capital ? Ans. 830,000. 

Ex. 5. A man, to please his children, brings home a 
number of apples, and divides them as follows : to the first 
and eldest he gives the half of the whole number, less 8 ; 
to the second, the half of the remainder, again diminished 
by 8 ; and he does the same with the third and fourth. 
After this, he gives the 20 remaining apples to the fifth. 
How many apples did he bring home ? Ans. 80. 

The rule of Double Position is applicable to all ques* 
tions which can be solved by Single Position, and, in gen- 
eral, to most questions that can be solved by algebraic 
equations. Both rules admit of important applications, 
and are, therefore, deserving consideration. In general, 
however, the questions performed by them can best be 
performed by the aid of algebra. By a comparison of the 
two methods in the preceding examples, the learner will 
easily see the great superiority of the direct and simple 
methods of algebra, over the indirect and often complicat- 
ed methods, or expedients, of arithmetic. 

SqUARE ROOT OF NUMRRRS. 

LXXXII. The only remaining rule of arithmetic to 
which we shall here attend, is that for the square root of 
numbers. 
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By the square root of a number is meant a number 
such that if multiplied by itself, it will produce the given 
number. Thus the square root of 81 is 9, since 9 multi- 
plied by itself glyes 81. 

The square root of a number is indicated by the sign 
s/ placed before it ; thus ^f ^^9 means square root of 53. 

A number whose square root can be found exactly, is 
called a square rmmher^ or perfect square. 

If a number were for the first time presented to us to 
find its square root, we should endeavor to accomplish the 
object by guessing some number near to it, and then, by 
trial, ascertaining whether its square were equal to the 
proposed ; correcting it, if necessary, until by repeated 
trials, the true root is found. The process for finding the 
square root, is one substantially of this kmd. By the 
rule, the successive trials are reduced to within the nar* 
rowest limits. 

Before proceeding to large numbers, it is necessary to 
know the roots of some of the small numbers. Below is 
a table of the first nine numbers, with their squares, or 
second powers, written beneath them. 

123456789 
1 4 9 16 25 36 49 64 81 

Since the second line contains the squares of the num* 
hers in the first ; conversely, the numbers in the first 
line, are the square roots of those in the second. 

LXXXIU. Let it now be proposed to find the square 
root of 4624. 

The root, it is evident, cannot have less than two places 
of figures, for the square of 10, the least number consist- 
ing of two figures is 100, and 4624 is manifestly greater 
than this. But again, it cannot have three figures, for 
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the square of 100, the least number oonsisdng of three 
figures is 10000, and 4624 is manifestly less than this. — 
The root of 4624 will necessarily, therefore, .have two 
places of figures, viz. units and tens, and two only. 

To proceed with the investigation of the rule, let us 
now observe the manner in which the units and tens of a 
number are employed in forming its square, since in this 
way we may learn how to return from the number to the 
units and tens of its root 

Let the number be 57. This may be decomposed into 
50 or 5 tens and 7 units. Let a represent the tens and b 
the units, then 

That is, the square of a number consisting of units and 
tens, is equal to the square of the tem^ -f" ^^^^ ^^ f^^ 
duct of the tens by the units, -f- the square of the units. 
Forming the square of 57 by the rule, we have 
The square of the tens, a', = 2500 

Twice the tens by the units, 2 a by = 700 
The square of the units, b\ = 49 

(57)«= 3249 
If now 3249 were the proposed number, whose root is 
required, and we could decompose it into the three parts 
above, the root would be easily found. For, to obtain the 
tens, we should have only to take the root of th^ first 
part, 2500, which we know to be 50 or 5 tens ; and this 
being found, the units would readily be found from either 
of the other two parts. 

Let us now see if we can decompose the proposed 
4624 into the same three parts of which it is also made 
up. This we cannot do exactly, but we can come suffi- 
ciently near to it for our purpose. • 
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Indeed, from what has been done, as well as from the 
natare of the case, it is evident^ that the square of the 
tens can have no significant figure less than hundreds. 
We then set aside the two right hand figures of the pro- 
posed as forming no part of the square of the tens, which 
we do by a period, thus, 46. 24. And we now see that 
4600 will be the square of the tens, either exactly or 
something more, in consequence of the units carried to it 
from the other parts. By taking, then, the root of 46, 
we shall obtain the significant figure of the tens, or this 
figure within a unit. Looking at the table above, we see 
that 46 is not a square number, and that the nearest 
square to it is 36, the root of which is 6. We take, then, 
6 for the significant figure of the tens of the root, and 
which we call either 6 tens or 60 units. 

Subtracting next the square of 6 tens from the propos- 
ed, 4624, the remainder will be 1024, and this must be 
equal to the two remaining parts of the square, viz., to 
ttffice the prodicct of the tern by the units -{- the square of the 
units. Can we separate these two parts ? We cannot ex- 
actly, but still sufficiently near for our purpose. Indeed, 
we know that the part, twice the product of the tens by 
the units, can have no significant figure less than 10 ; the 
4, then, will form no part of this product, and we separate 
it from the rest by a period, thus, 102.4. The 102, there- 
fore, will contain twice the product of the significant figure 
of the tens by the units, and something more arising from 
the units carried to it from the remaining part, the square of 
the units. If, then, we divide 102 by 2 X 6, or 12, we 
have 8, which will be the unit figure, either exactly, or 
within 1 or 2 anits. We try 8; twice the tens, or 12 
multiplied by 8, gives 96 tens, or 960 units, and the square 
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of 8 ifl 64; these together make 1024, the remainder of 
the proposed after taking from it the square of the tens 
of the root before found. 

Thus we find that the square root of 4624 is 68. Be- 
oomposmg the square from the root, we have 

The square of the tens, a^ = 3600. 

Twice the tens by the units, 2abj = 960. 

The square of the units, ^, rr 64. 

(58)» = 4624. 

Let the learner now repeat this process by extracting 
the roots of the following numbers : 

Ex. 1. To find the square root of 625. 

Ex. 2. To find the square root of 441. 

Ex. 3. To find the square root of 5776. 

Ex. 4. To find the square root of 7921. 

LXXXIY. Let it be proposed next to find the square 
root of 143641. The root will consist of three places, 
since the proposed is greater than 10,000, the square of 
100, and less than 1,000,000, the square of 1,000. 

Any number, however large, may be considered as com- 
posed of units and tens ; thus 475 may be considered as 
composed of 47 tens and 5 units. 

Regarding the root of the proposed as composed of 
units and tens, we set aside, as before, the two right hand 
figures, since they form no part of the square of the tens. 

The tens of the root will then be found by extracting 
the root of the remaining part, viz., 1436. This we may 
do by the process above, precisely as if 1436 were a sep- 
arate number. Performing the operation, we obtain 37 
for the root, with a remainder 67. We shall have, then, 
37 tens in the root of the proposed. To find the units, 
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we place 41, the part separated from the rest in the pro- 
posed, by the side of the remainder 67, which gives 6741 
for the remainder of the proposed, after taking from it the 
square of the tens of the root Separating, as before, 
the 1, and dividing the remaining part, 674, bj 74, twice 
the tens of the root sought, we obtain 9 for the unit figure 
of the root ; which, on trial, proves to be the true unit 
figure. We have, then, 379 for the root sought. 
The calculations m^ be disposed as follows : 
14.86.411379 
J— I 

;67 



63,6 
46 9 



674,1 
6741 



749. 



The same process, it is easy to see, may be extended 
to any number, however large. Hence, the following 
rule for the extraction of the square root. 

l"". Begin at the rights <xrtd separate the nuniber into 
periods of two figures each. The left hand period may 
contain one or two figures, 

2°. Find the greatest square in the left hand period; 
write the root as a quotient in division^ and subtract the 
square from the left hand period. 

3°. To the right of the remainder bring down the 
next period to form a dividend j and place by its side dow- 
Ue the root already founds for a dimsor. Seek how many 
times the aivisor is contained in the ditndend^ rejecting the 
right hand figure. Place the quotient in the root and also 
at the right hand of the dimsor. Mdtiply the divisor thus 
increased by the last figure of the root^ and subtract the 
product from the whole dividend. 
15 
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4t*, Bring ioum to the right of the remainder the next 
period to form a new dimdend. Double the root already 
found for a divisor, and proceed as before to find the third 
figure of the root, and so on. 

Instead of placing points between the figures, it will be 
more convenient to mark the periods bj accents, thus, 
14^36'41. 

K the diyidend will not contain the divisor, the right 
hand figure of the former being rej^ed, a zero must be 
placed in the root and also at the right of the divisor, and 
then the next period brought down. 

Ex. 1. To find the square root of 21,025. 

Ans. 145. 

Ex. 2. To find the square root of 59,586. 

Ans. 244. 

Ex. 3. To find the square root of 85,673,586. 

Ans. 9,256. 

Ex. 4. To find the square root of 86,372,961. 

Ans. 6,031. 

Ex. 5. To find the square root of 3,327,097,761. 

Ans. 57,681. 

If the proposed is not a perfect square, the rule will 
give the root of the greatest square number next below 
it Thus, if it be required to extract the root of 129, the 
root found by the rule will be 11, with a remainder, 8, 121 
being the greatest square number next below 129. 

LXXXV. The root of 129 may be found nearer by ap- 
proximation with decimals. Since the square root of 100 
is 10, the square root of 100 a will be 10 ^a, or ten times 
the square root of a. Multiplying 129 by 100, we have 
12,900, the root of which is 10 times too large for that of 
129. But the root of 12,900, or rather of the greatest 
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sqoare next below it, is 113 ; whence we shall have 11.8 
for the root of 129, and which is a nearer approach to the 
trae root of this number than 11. If we wish a still near- 
er root, we add four zeros to 129, which gives 1,290,000. 
The root nearest to this is 1135, which is 100 times larger 
than the root of 129. We shall have, therefore, 11.35 
for a still nearer approach to the root of 129. By adding 
two more zeros, a still nearer approximation may be ob- 
tained, and so on. 

The following addition maj, then, be made to the rule 
for the square root : 

When there is a rernaivder oter^ after the last period is 
bought down, add two zeros to it and proceed as before, 
placing the decimal point before the digit nsxt found. 

Ex. 1. Find the approximate root of 67,321. 

Ans. 259.46 -f. 

Ex. 2. Find the approximate root of 21,027. 

Ans. 145.006 -}-. 

Ex. 3. Find the approximate root of 153. 

Ans. 12.36931 -f. 

Ex. 4. Find the approximate root of 2,268,741. 

Ans. 1506.23 -f. 

Ex. 5. Find the approximate root of 25,289. 

Ans. 159.02 -f. 

LXXXVI. The process for finding the square root of 
a decimal is founded upon the same principle. Let it be 
required, for example, to find the square root of .0625 
Multiplying this by 10,000, the square of 100, it becomes 
625, the root of which is 25, 100 times too large for that 
of the proposed. The root of .0625 will be, therefore, .25. 

To find the root of a decimal, therefore, beginning at 
the decimal point, we divide it, as in whole numbers, into 
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periods of two figures each, annexing a cy^er if necessa- 
ry to make the decimal places even. We then extract 
the root as if it were a whole number, observing that the 
Amnber of decimal places in the root will be one-half the 
number in the proposed, as it stands after the decimal 
places are made even. 

The case will present no difficulty if the proposed con- • 
sists of an entire and decimal part. We shaU merely add 
some examples of each. 

Ex. 1. To find the square root of .2116. 

Ans. .46. 
Ex. 2. To find the square root of .0841. 

Ans. .29. 
Ex. 3. To find the square root of .001024. 

Ans. .032. 
Ex. 4. To find the square root of 10.4976. 

Ans. 3.24. 
Ex. 5. To find the square root of 336.234. 

Ans. 18.333+. 
Ex. 6. To find the square root of 6842.72340. 

Ans. 82.7207+. 
Ex. 7. To find the square root of 8^1 . 

Ans. 2.88203 +. 
LXXXVn. Since the square of a fraction is equal to 
the square of the numerator divided by the square of the 
denominator ; conversely, the square root of a fraction is 
equal to the square root of the numerator divided by the 
square root of the denominator. 

K the proposed, then, is a vulgar fraction, we find its 
root by dividing the square root of the numerator by the 
square root of the denominator, or, which in general is the 
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better method, we reduce the proposed fraction to a deci- 
mal and then extract the root. 

Ex. 1. To find the square root of f ^. Ans. ^. 

Ex. 2. To find the square root of f |^. Ans. | . 

Ex. 3. To find the square root of f . 

Ans. 0.7745 -f. 
Ex. 4. To find the square root of i^. 

Ans. 0.64549 +. 
Ex. 5. To find the square root of 2f|. 

Ans. 1.69331 +. 



SECTION X. — Square Eoot of AxaEBRAic 
Quantities. 

LXXXVin. Let the proposed be a monomial. In order 
to find the process for extracting the root, let us observe 
how a monomial is raised to the square. 

We will take, for example, the monomial 5 c^bh. By 
the rule for multiplication, we have 

(5 e^lf'cy z=z 5 €?bh X 5 a% = 25 a^b^t?. 
A monomial is, therefore, raised to the square by squar- 
ing the coefficient and doubling the exponents of each of 
the letters. Hence, reversing the process, we have the 
following rule for the extraction of the square root of a 
monomial : 

1°. Extract the square root of the coefficient. 
2°. Divide the exporunt of each letter by 2. 
Ex. 1. What is the square root of 64 a^^^? 

Ans. 8a»^. 
Ex. 2. What is the square root of 169 o^^V ? 

Ans. 18tf*yc; 
15* 
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Ex. S. What k the square root of 144ac^^V ? 

Ans. 12ayz. 

Ex. 4. What is the square root of 441 a; V^ ? 

Aws. 21ay«*. 

Ex. 5. What is the square root of 576 al^hV ? 

Ans. 24a«3V. 

LXXXIX. It follows ftom the nde for raising a mono- 
mial to the square, that a m<momial, to be a perfect square, 
must have its coeffident a perfect square, and all its ex- 
ponents even numbers. 

When this is not the case, the quantity is not a perfect 
square. Thus, 75 a^b is not a perfect square. Its root 
can, therefore, only be indicated bj means of the radical 
sign, thus: ^Ibc^b, 

Quantities of this kind are called irrational quantities 
of the second degree, or more mapLj, radiads of the sec- 
ond degree. 

XC. The second power of a product, it is easy to see, 
is the same as the product of the second powers of aEl its 
factors. It follows, therefore, that the square root of a 
product win he the samu as the product of the square roots 
ofaU its factors. 

By means of this principle, radical expressions may 
frequently be reduced to a more simple form. Thus, the 

aboYC expression, V 75 a% may be put under the form 

V25fl*'x VFi; but V25a* = 5a"; whence 

K/lba^h= 5a*^3b. 
In like manner, 

V98a6* = a/495* X 2a = 76« V2a. 
The quantities which stand without the radical sign are 
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called the coefficients of the radical Thus in the ezpres* 
sions 5a»V86, 76«V2a, 

5(^y7b^ are called the coefficients of the radicals. 

From what has been d(me, we haye the following rule 
for reducing a radical expression of the second degree to 
its most simple state : 

V. Separate the expression into two parts, one of which 
shall contain aU the factors which are perfed squares, and 
the other the remaining oTies, 

2**. TaJce the roots of the perfect squares and place them 
before the radical sign, under which leave those factors which 
are not perfect squares. 

To determine if a number has a factor which is a per- 
fect square, we see if it is divisible by either of the per- 
fect squares, 

4, 9, le, 25, 86, 49, 64, 81, &c. 

EXAMPLES. 

1. Beduce v 32 d!h to its simplest form. 

Ans. 4a"v'2aX 

2. Eeduce Vl28 a*^' to its simplest form. 

Ans. %ahs/%0L. 

3. Reduce V243a«^ to its simplest form. 

Ans. 9o*iV3a3. 

4. Reduce ^flW^W&d to its simplest form. 

Ans. ^luH^e'^ahd. 

5. Reduce V675 a'3Vrf* to its simplest form. 

Ans. \hal?ci'^Zahc. 
XCI. Since the square of — a, as well as that of 4- ^ 
is a*, conversdy, the root of a* may be either -{- a or — a. 
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Both of these roots may be comprehended in one expres- 
sion by means of the doable sign db* Thos, 
V?" = ± «, v'25dV = ± 53'c. 

The doable sign, it is evident, shoald be considered as 
affecting the sqaare root of all qaantities whatever. 

If the proposed monomial be negative, the sqaare root 
is impossible, since there is no qaantitj, positive or nega- 
tive, which, multiplied by itself, will prodace a negative 
quantity. Thus, V — a, sf — 3 3', are impossilfle or im- 
aginary qaantities. 

Expressions of this kind may be simplified in the same 
manner as radical expressions which are real. Thus 
V^ — 9 may be put under the form v — 1X9; 
whence • V— 9 = 3 V— 1. 

In like manner V^ — 4a* r= 2 a ^/ — 1. 

XCn. We pass to the extraction of the square root of 
polynomials. 

1. Let the proposed be a' -f- b\ This, it is evident, 
cannot be a perfect sqaare ; for the square of a monomial 
will be a monomial, and the square of a binomial consists 
always of three terms. 

2. Let us begin, then, with a quantity consisting of three 
terms, the following, for example : 

12(^l^ + 4:a^b* + 9a*l^. 
The process is analogous to that which we have already 
pursued in relation to the square root of numbers. The 
latter is, indeed, derived from the former. 
I In order to return from the proposed to its root, let us 
observe how the two terms of a binomial are employed in 
forming its square. Let the binomial hem-^n, for ex- 
ample ; then (m -f- w)' ss m* + 2 jwn -f- n'. 
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Thus the square of a bmomial consists of three terms, viz., 

1°. The square of the first term. 

2°, Twice the product of the first term by the second. 

3". The square of the second term. 

Arranging the proposed with reference to some letter, 
a, for example, we have 

9 a'b^-^ 12 a^b^ + ^a^'b*; 
the first term of which, it is evident, is the square of the 
first term of the root sought Taking the root of this, 
we have 3 a*6 for the first term of the root. Dividing 
next the second term 12 c^b^ by 6 0*6, twice the term al- 
ready found, we have 2 a 6* for the second term of the 
root ; and since the square of this is equal to 4 a^b(^ the 
remaining term of the proposed, the proposed is a perfect 
square, the root of which is 3 0*6 + 2 a 6*. 

Ex. 1. What is the square root of 

25a«6* + 30aW + 9a»&^? 

Ex. 2. What is the square root of 

49a^6*-f 56a*A»+16et*6«? 

Ex. 3. What is the square root of 

81aV — 54 0^6^+9 a^ft^p 

Ex. 4. What is the square root of 

100 a%^ — 140 (^b^ + 49 a*b* ? 

3. Again, let the proposed consist of more than three 
terms, the root will consist of more than two terms. Let 
it consist of three ; and let us observe the manner in 
which the terms of a trinomial are employed in forming 
it& square. 

Let the trinomial root he m -]- n -]- p, for example. 
This may be put under a binomial form, thus, (m -f- n) 
-^ p ; and, forming its square after the manner of a bi- 
nomial,* we have for the square, 

(wi + n)' -j- 2 (m -^ «) p 4" P^' 
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Let the proposed, arranged with reference to the letter 
a:, be 9a?*— 12 a^ + 16a;'*— 8a: + 4. 

The square of the first two terms of the root will be 
found in the first three terms 9a;* — 12a:* + 16 a:*, the 
last of which is affected by terms united with it from the 
two other parts of the square. Recollecting this, and 
proceeding as above, we obtain 3 a:* — 2 a: for the first 
two terms of the root sought. 

Subtracting, next, the square of 3 a:' — 2 a; from the 
proposed, there remains 12a:* — Sa:-}-^. This will 
contain twice the product of the two terms of the root 
already found by the third term of the root, together with 
the square of this third term. Dividing^ next, the re- 
mainder by 2 (3 a:^ — 2 a:), or, which is the same thing, 
dividing its first term by 60:*, we obtain 2 for the third 
term of the root Subtracting, finally, the product of 
2 (3 a:' -7- 2a:) by 2, together with the square of 2 from 
the remainder, 12 a:* — 8 a: + 4, remains. The pro- 
posed is, therefore, a perfect square, the root of which is 
3a:*— 2a: + 2. 

The calculations may be performed and disposed as 
follows : 

3a:*— 2a: + 2 



9a:*— 12ar»+16a:*— 8a: + 4 
9a:* 



— 12a:»+ I62* 

— 12ar^+ 4a:* 



6 a:*— 2a: 
6a:*— 4a: +5 



12 a:*— 8x 
12 a:*— 8a: 



4 
4 



The process, it is evident, will be the same, whatever 
the number of terms in the proposed. We have, there- 
fore, the following rule for the extraction of the square 
root of algebraic quantities. 
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1** Arrange the proposed toitk reference to the powers of 
some letter. 

2**. Take the square root of the first term. This toUl 
be the first term of the root. Subtract its sqiuirefrom the 
given quantity, and set down the remainder for a dividend, 

3°. Divide the first term of the dividend by twice the 
root already found; the quotient toiU be the second term of 
the root, which place in the root and also in the divisor. 

4**, Multiply the divisor thus completed by the term of 
the root last found, and subtract the product from the 
dividend, and so proceed. 

EXAMPLES. 

1. Extract the square root of 

a* + i(fx + 6aV + 4«a:» + a^. 

Ans. a« + 2 a a; + ar*. 

2. Extract the square root of 

9a^ — 12a;+6a;y + 2/' — 4y+4. 

Ans. Bx "{• y — 2. 

3. Extract the square root of 

aJ» + 4a;« + 2a;* + 9a:» — 4a:+4. 

Ans. 0^-^20^ — x-^ 2. 

4. Extract the square root of 

9^— 12a:^+ lOx* — 28a»+ 17a:» — 8a;+ 16 
Ans. 8ar» — 2a:' + a: — 4. 

5. Extract the square root of 

4a*— 20 fl»a; + 37 aV — 30 aar» + 9 x\ 

Ans. 4a* — 5aaj + 3a:*. 
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6. Extract the sqaare root of 
aJ»_6ax*+ 15 aV — 20 0*3^+ 15 a^s^ — 6 <^z + ^. 
Ans. ar» — aaa^' + Sa'ar — flr*. 



SECTION XI. — Equations of the Second 
Degree. 

XCm. An equation which contains the second power 
of the unknown quantity, without any of the higher pow- 
ers, is called an equation of the seamd degree. 

In an equation of the second degree, there can be, 
therefore, only three kinds of terms, viz : V, Terms 
which involve the second power of the unknown quantity; 
2**. Terms which involve the first power of the unknown 
quantity ; 3°. Terms consisting entirely of known quan- 
tities. 

Equations of the second degree are divided into two 
classes, according as they involve the first, or the first and 
second of these two kinds of terms, together with terms 
altogether known. 

1°. Equations which involve the square only of the 
unknown quantity, and terms altogether known. These 
are called Incomplete Equations. They are sometimes 
also called Pure eguatitms, ^ 

2"". Equations which involve both the first and second 
powers of the unknown quantity, and known terms. — 
These are called GompUte Equations ; sometimes also 
Affected equations. 
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INCOMVLXTK X^UATIOIIS. 

XCIV. We commence with incomplete equations. 

1. What number is that whose half maltiplied bj its 
third, is equal to 864 ? 

Let X == the number. 
Then, by the question 

2X3 = 864; 

whence a* = 5184, 

and extracting the square root of both sides, 

a: = 72. 
Equations of the second degree admit of iwQ values 
for the unknown quantity, while those of the fir^t degree , 
admit of but one only. This arises from ihe circum- 
stance that the second power of a quantity will be posi- 
tive, whether the quantity itself be positive or negative. 
Thus in the preceding example, x will be equal either to 
-f- 72, or — 72 ; or, uniting both values in one expres- 
sion, a: = ± 72. 

2. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum, multiplied by tbe 
less, produces 270 ? 

Let X = their sum. 

7x Sx 

Then — will be the greater, and -rrr th^ less : 

And by the question -J^ = 270 ; 

whence a? z=z 900, 

and a: = ir 80. 

Tbe numbers will be, therefore, db 21, and db d- 
3* There aie iwi numbers in the proportiqn fof 4 to 5, 
16 
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the difference of whose squares is 81. What are those 

numbers ? 

Ax 
Letx =: the greater; then _ = the lees, and we 

o 

have a:»--^ = 81; 

whence a:* = 225, 

and « = ifc 15. 

The numbers, therefore^ are 15 and 12. 

4. It is required to find the value of x in the equation, 

5 . o . 2 , 

Freeing from denominators, transposing and reducing 

352 
In this example -^ — is not a perfect square ; we can 

thsrefore obtain only an approximate value for x. 

5. Whatisthevalueof a;intheequationa;'4"25 = 9? 
Transposing, we have a^ nz — 16 

whence a: = ± \/ — 16 

To find the value of x, we are here required to extract 
the square root of — 16. But this is impossible ; for, 
since there is no quantity, positive or negative, which 
multiplied by itself will produce a negative quantity, — 16, 
it is evident, cannot have a square root either exact or 
approximate. Indeed, —^16 may be considered as prising 
from the multiplieatioh . of -f- 4 by — 4 ; but -f* 4 And 
— 4 are different quantities ; their product, therefore^ k 
Bot a square. 

The result x ac ^ — 16, shows then, that it is impos- 
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Bible to reBolve the equation from which it is derived* It 
implies, therefore, that there is some absurdity or impos- 
sibilitj in the conditions of the question which has led to it. 

In general, an expression of the square root of a nega- 
tive quantity is to be regarded as a symbol of impotstbU- 
ity. 

Incomplete equations of the second degree may always 
be reduced to an equation of the form 

Aa:»=B; 
A and B denoting any known quantities whatever, posi- 
tive or negative. 

This may be done, 1% By collecting into one member 
the terms which involve as*, and redncing them to one 
term ; and, 2**, by coUectiug the known terms into the 
other member. 

Ex. 1. Beduce the equation ^ 4 = =- + 9, 

to the form A a:" = B. 

Ans. 4a* = 273 ; in which 4 = A, 273 = B. 

7? 

' Ex. 2. Eeduce the equation 7? — 192 =z -- 

4 

to the &xin Ax^ = B. 

Ex. 3. Beduce the equation 8 = - — (-10 

to the form Aa:* = B. 

Ex. 4. Beduce the equatiim aoc' — h ^=.€7? — dj 
to the form A a;' = B. 

Ans. (a — c)7fz=:b — d; 
in which a — c=:A, ^ — </=B. 
^ Besplving, next, the equation Aa:* = B, we obtain 



-v/?. 



of i^proximation as we please. If — be negative, we 
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If "-J is a perfect square, the value of x may be ob- 
tained exactly ; if not, it may be found with such degree 
nation as W( 

shall have | y ^, a symbol of impossibility. 

V A 

From what has been done, we have the following rule 
for the solution of incomplete equations of the second 
degree. 

l^ B€duoe the equation to the farm A x' = B. 2^ D»- 
wde both ndet by the coefficient of x^y.and then extract the 
square root of both members, 

EXAMPLES. 

1. What number is that which being multiplied by it- 
self, the product will be 529 ? Ans. 23. 

2. A gentleman being asked how much money he had, 
replied : " If to three times the square of the dollars you 
add $8, and from five times the square you subtract SIO, 
the sum and difference will be equal." How much mon- 
ey had he ? Ans. f 8. 

3. Find three numbers in the proportion of 2, 3, and 5 ; 
the sum of whose squares is 342 ? Ans. 0, 9, and 15. * 

4. What two numbers are those which are to each 
other as 3 to 4, and the difference of whose squares is 28 ? 

Ans. 6 and 8. 

5. What number is that whose 7th and 8th parts multi- 
plied together, and the product divided by 3, gives the 
quotient 298| ? Ans. 224. 

6. It is required to find a number such that if jf e first 
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add to it 94, and then subtract it from 94, the product of 
the sum and difference thus obtained, will be 8512. 

Ans. 18. 

7. A man lent a certain sum of monej at 6 per cent, a 
year, and found that if he multiplied the principal bj the 
number represtoting the interest for 8 months, the pro- 
duct would be 8900. Required the pripdpal ? 

Ans. «150. 

8. A gentleman has two square parlors, the sides of 
which are as 2 to 3 ; and he finds that it takes 180 square 
yards of carpeting more to cover the floor of the larger, 
than it does to cover that of the smaller. What is the 
length of one side of each room ? 

Ans. IB and 12 feet respectively. 

9. The sides of a rectangular field are to each other as 
5 to 7, and there are 140 square rods in the field. What 
are the lengths of its sides ? Ans, 10 and 14 rods. 

10. A says to B, my son's age is one quarter of yours, 
and the difference between the squares of the numbers 
representing their ages is 240. What are their ages ? 

Ans, 16 and 4 years. 

11. A detachment from an army was marching in reg- 
ular column, with 5 men more in depth than in front ; but 
upon the enemy coming in sight, the front was increased 
by 845 men, and by this movement the detachment was 
drawn up in five lines. Required the number of men. 

Ans. 4,550. 

12. What number is that, to the square of which if 50 
be added, the sum will be 40 ? 

Ans. The question implies an impossibility, 

2. With a little care, equations may be solved by the 
16* 
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present rale, which, otherwise, would require that ibr the 
seeond class of equations of the second degree. 

We give a few examples. 

1. It is required to divide the nomber 14 into two soch 
parts that the quotient of the greater part divided bj the 
lesS) may be to the quotient of the less divided bj the 
greater, as 16 to 9. 

Let X = the greater part; then 14 — x = the less, 

and by the question, 

a? 14 — X ,^ ^ 
: ::16:9; 

14 — X X 

whence 9 :rA — = 1^ — -— • 0) 

14 — X X ^ ^ 

Freeing from denominators and reducing, taking care 
to retain the operations as we proceed^ we obtain 
9a:» = 16(14 — x)», (2) 
«* 16 

^d (TI— ;)-. = r (^> 

Extracting next the square root of both sides, 
X _ 4 
14 — a? "" 3' 
whence ar = 8. 

We have deduced the equation (3) from (2) in order, in 
accordance with the general rule for incomplete equations, 
to bring, before extracting the root, the terms altogether 
known upon one side of the equation, and those which in^ 
volve X upon the other. 

BecoUecting, however, that the square root of a product 
is equal to the product of the square root of each of its 
factors, equation (2) gives, by extracting the root of both 
sides, 8 ar = 4 (14 — ar), 

which gives, as before, ar r= 8. 
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2. Two travelers, A and B, set out to meet eaeb other, 
A leaving the town G at the same time that B left D. 
Thej traveled the direct road C D, and, on meeting, it 
appeared that A had traveled 18 miles more than B ; and 
that A could have gone B's journey in 15^ days, hut B 
would have been 28 da}*<s in performing A's journey. 
What was the distance between C and D? 

Let X == the number of miles A has traveled ; then 
X — 18 = the number B has traveled; and 

%r^ = the time A would travel 1 mile, 

sc— lo 

28 

— = the time B would travel 1 mile ; 

X 

whence, as they are each the same time upon the road, 
68 a: _ 28(x — 18) 
4(a? — 18) "" X ' 

from which we obtain 

63 a:* = 112 (a: — 18)«. 
Here the coefficients, 63 and 112, it is evident, are not 
perfect squares. But with a little attention it will be seen 
that they each contain a factor, 7, which being struck out 
will leave them perfect squares. Dividing, therefore, both 
sides by 7, we have 

9a;*=z= 16(a:— 18)»; 
whence S x =z 4 (x — 18), 

and a: = 72 ; 

whence A traveled 72, and B 54 miles ; and the whole 
distance C D is 126 miles. 

8. Divide the number 49 into two such parts that the 
quotient of the greater divided by the less may be to the 
quotient of the less divided by the greater, as | to }• 

Ans. 28 and 21. 
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4. Divide dM nuniber 24 hitd two parts, vliofie gquares 
shall be as 25 to 9. Ahs. 15 and 9. 

5. A fanner bought two flocks of sheep, the first of 
which contained 18 fewer than the second. If he had 
given for the first fiodc as many pounds as there were 
sheep in the second, and for the second as manj pounds 
as there were sheep in the first, then the price of 6 sheep 
of the first fiock would have been to the price of 7 sheep 
of the second, as 7 to 6. Required the number in each 
flock. Ans. 108 and 126. 

6. Two men share a prize of S40 in such a manner thai 
the quotient of A's share divided by twice B's share is to 
the quotient of B's share divided by three times A's, as 
54 to 9. What is the share of each ? 

Ans. A's 813^, B's •26§. 

7. Bought a number of oxen for S1406 25, the number 
of dollars per head being to the number of oxen, as 9 to 4. 
How many did he buy, and what did he give for each? 

Ans. 25 oxen, at S56 25 per head. 

8. A merchant purchased two pieces of cloth, which 
together measured- 100 yards. The number of yards in 
the first, divided by the number of yards in the second, 
was to the number of yards in ihe second, divided by 5 
times the number of yards in the first, as 45 to 25. How 
many yards were there in each piece ? 

Ans. 37^ and 62^ yards. 

XCY. In the preceding examples, we have employed 
one unknown quantity only. If there are two unknown 
quantities employed, we eliminate one of them, and then 
apply the rule to the new equation thus obtained. 

The following examples will serve as an exercise upon 
questions involving naturally two unknown quantities : 
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1. The sum of two numbers is to the greater as 7 to 5 ; 
and if' the sum be multiplied by the greater, the product 
will be 126. What are the numbers ? 

Let X = the greater number, and y the less. 
Bj the question, 

a? -f- y • ^ • • 7 : 5, (1) 
and xy-^fzn 126. (2) 

The value of a? derived from (1) and substituted in (2) 

gives ^ + ^=126; 

from which we obtain y = 6 ; 
whence x =z 15. 

2. The product of two numbers is 63, and the square 
of their sum is to the square of their difference as 64 to 1. 
What are the numbers ? 

By the first condition, 

xy=: 68. 
By the second, 

(x + y)»=64(*-y)'. 
Extracting the root of both sides of this last, 

x + y=S{x — y). 
From which, if we deduce the value of x, and substitute 
it in the first equation, we obtain 

and the numbers will be 7 and 9. 

3. There are two numbers in the proportion of 8 to 5, 
whose product is 360. What are the numbers ? 

Ans. 24 and 15. 

4. There is a room of such dimensions that the differ- 
ence of the sides, multiplied by the less, is equal to 36, 
and the product of the sides is equal to 360. What are 
the sides? Ans. 18 and 20. 
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5. The sides of a mctangokr field are to eaeh odier as 
5 to 7, and its area k 26 il. 1 r. 35p. How many rods 
are there in each side ? Ans. 55 and 77. 

6. Atradersddtwopieeesofbroaddoth, which togeth- 
er measured 18 yards ; and he received as many doUars a 
yard for each piece as it contained yards. Now the sums 
received for the two were to each other as 25 to 16. How 
many yards were there in each piece ? 

Ans. 10 and 8 yards. 

7. A merchant purchased two pieces of muslin, which 
together measured 12 yards. He gave for each piece just 
as many dollars per yard as the piece contained yards; 
and he gave 4 times as much for one piece as for the other. 
How many yards were there in each piece? Ans. 8 and 4. 

8. A certain room requires 108 square feet of carpeting 
to cover it ; and the sum of its length and breadth is 
equal to twice their difference. What is the length and 
breadth of the room ? Ans. 18 and 6 feet respectively. 

9. A charitable person distributed a certain sum among 
some poor men and women, the numbers of which were 
in the proportion of 4 to 5. Each man received one-third 
as many shillings as there were persons relieved ; and 
each woman received twice as many shillings as there were 
women more than men. . The nien received, altogether, 
18 shillings more than the wonien. How many were 
there of each ? Ans. 12 men and 15 women. 

10. The sum <^ the squares of two numbers is II79 
and the difference of their squares is 45 ; what are the 
numbers ? Ans. 9 and 6. 

11. There are two numbers, whose sum is to their dif- 
ference as 8 to 1, and the difference of whose squares is 
12a What are .the numbers? Ans. 18 and 14. 
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12. A flam of 1512 dollars is dmded among a certain 
tittmber of men and hojs. The number of men k to the 
ttttmber of boys as 3 to 4. Now the boys receive ea^ 
one-half as many ddlars as there are persons, and the 
men twice as many dollars each as there are boys. How 
many men were there, and how many boys ? 

An8. 6 men, and 8 boys. 

13. There Is a numl)er consisting of two digits, which 
being mnltipHed by the digit on the leA; hand, the product 
is 46 ; but if the sum of the digits be multiplied by tlfe 
same digit, the product is only 10. Required the num- 
ber? Ans. 28. 

14. Prom two towns, C and D which were at the dis- 
tance of 896 miles, two persons, A and B, set oat at the 
same time, and meet each other, ai^er traveling as many 
days as are equal to the difference of the number of miles 
they traveled per day ; when it appears that A has travel- 
ed 216 miles. How many miles did each travel per day? 

Ans. a 86, and B 80. 

COMPLETE BqUATIONS OF THE SECOIO) DEOREE. 

XCVI. We pass^ next, to the solution of complete equa- 
tions of the second degree. Let us take, for example, 
the equation a* + 8 a? = 209. 

The solution of this equation, it is evident, would pre- 
sent no difficulty if the left hand member were a perfect 
square. But this is not the case ; for the square of a 
quantity consisting of one term will consist of one term, 
And the square of a binomial, contains three terms. ^ 

Let us see, then, if a:* -f- 8ir can be made a pei4ect 
square. A binomial x -{' a raised to the square, gives, 
as we have seen. 
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that is, the square of a binomial is composed of three 
parts, viz: V. The Mquare of the Jlrsi term of the hir 
nomial. 2^. Twke the firtt term multiplied hy the jec- 
and, 3^. The square of the second term. 

If, then, we oompare a? -^Sx with a?-^2ax -{-s^^ 
it is evident that a^ -^ Sx may be considered the first and 
second terms in the square of a binomial. The first 
term of this binomial will evident! j be x ; then as 8 x 
most contain twice the first term bj the second, the second 
will be fbnnd by dividing 8 x by 2 a;, which gives 4 for 
the quotient, x' -f- 8 x, form, therefore, the first two 
terms in the square of the binomial x -|- 4. If, then, we 
add 16, the square of 4, to x' -f" ^^> ^^ ^^^ ^^^^ mem- 
ber of the proposed, the result x* -f- 8 a; -|- 16 will be a 
perfect square. But if 16 be added to the left hand 
member, it must also be added to the right, in order to 
preserve the equality ; the proposed will then become 

a:«-|.8a:+16 = 225, 
whence, extractmg the root of each member, 

a:+4=±15; 
wherefore, x=i 11, a; = — 19. 

2. Let us take, as a second example, the equation 

a:- — |x = 15f.' 

2 
Comparing 2^ — -x with the square of the binomial 

2 
X — a, viz., a? — 2ax -|- a', it is evident, that a? — -x 

o 

may be considered the first two terms in the square of a 
binomial. Pursuing the same course of reasoning as in 
the preceding example, we find this binomial to be z — 

-. If, then the square of ^ be added to both sides, the 
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left hand member will be a perfect square, and we have 
Extracting, next, the root of each member, 

whence x =^^4^, a: m — 8§. 

Making the left hand member a perfect square is called 
completing the square. This is done in the preceding ex- 
amples, by adding to both sides of the equation the square 
of one-half the coefficient of x in the second term, 

XC VII. Complete equations of the second degree may 
always be reduced to the form ai? -^px =z q; p «nd q 
denoting any quantities whatever, positive or negative, 
entire of fracticmal. 

This is done, V, By collecting all the terms which in- 
volve X into one member, and the terms altogether known 
into the other. 2°. By uniting the terms which contain 
31? into one term, and those which contain z into another. 
3°. By changing the signs of each term, if necessary, in 
order to render that containing si^ positive. 4^. By di- 
viding all the terms by the multiplier of x*, if it have a 
multiplier, and multiplying aH the terms by the divisor of 
a!*, if it have a divisor. 

Thus, let there be the equation, 

3 _ 61— g' 

Freeing from denominators, 

UOx — 70 — 12af»-f 6a: = 305 — 5a:«. 
Transposing and uniting terms, 

146 a; — 7 a* z= 375. 
Changing the signs of each term, 

7a:*— 146x = — 875. 
17 
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Dividing by 7, the coeflkient of x^ 

^ 146a: 375 

^ 7^=-!- 

Ck)mparing this last with the equatii(m a^ -{-px^: q, 
its form, it is evident, is the same ; and we have 
146 375 

P = — 5r.9 = — 7- 

This being premised, a^ -^ px, form, it is evident, the 
first two terms of the square of the binomial, 



«+!' 



f 



Adding, then, j-, the square of half the coefficieat of 

the second term in the first member, to both sides of tho 
equation, o^ + px =: ^, we have 

Extracting the root of both sides 

«+|=dbl/ «-(-^; whence 

This is a general solution of complete equations of the 
second degree. We have, therefore, the following rule 
for the solution of equations of this kind, viz : 1^. Re- 
duce the equation to the form x' -f- p x = q. 2°, Com- 
pUte the square by adding to hath memherSf the square of 
half the coeffidera of x in the sectmd term. 3**. Extract 
the root of hath tncmbers, taking care to give to the root of 
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the secoTid member the dcuble sign, 4^. Deduce the value 
of X from the eguation.which results from the last operas 
tion. 

EXAMPLES. 

1. Given a^ -\^ Qx =: 65jto find the values of x. 

Ans. a: = 5, or -— 11. 

2. Given 10:1:' — 8a; + 6 z= 318» to find the values 
of X. Ans. a: = 6, or — S-J. 

3. Given s^— 10a: + 15= - — 34a: + 155, to 

o 

find the values of x, Ans. a: = 5, or — 85. 

4. Given 2a:*+ 8a: + 7 =^ — ~ + 197 to find 

4 o 1 

the values of x. Ans. a; = 8, or — H-^* 

5. Given^ _ ? -j- 15 =:-J — 8a: + 95^, to find 

4 O u 

the values of ar. Ans. a: z= 9, or — 64|^. 

6. Given a: + 4 -| 5 = 8, to find the 

values oi x. Ans. 4, or — 2. 

2221 4a: 

7. Given 3 a: = 2, to find the values 

X 

of X. Ans. « = 19, or — 19 J. 

^ ^. „ 3a: — 3 „ , 3a:— 6 ^ , 

8. Given 5 a: — = 2 a: + , to find 

X — 3 * 2 

the values of x. Ans. « = 4, or — 1. 

XCVni. We pass to the solution of some questions^ 
confining ourselves, for the present, to the value obtained 
for X when the positive value only of the quantity under 
the radical is employed. 
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1. A gentleman divided 92S between his two sons m 
soch a manner that the product of their shares was 192. 
What was the share of each? An& $16 and $12. 

2. There are two square courts that are paved with 
Btonesy a foot square each. The side of one court exceeds 
the other bj 12 feet, and both their pavements taken to- 
gether contain 2120 stones. What are the lengths of them 
separately? Ans. 26 and 38 feet. 

3. A laborer dug two trenohesi one of which was 6 yards 
longer than the other, for £17, 16f.; and the digging of 
each of them cost as many shillings per yard as there were 
yards in its length. What was the length of each? 

Ans. 10 and 16 yards. 
4w A person buys some pieces of doth, at equal prices, 
for $60. Had he got 3 more pieces for the same sum, 
each piece woold have cost him 1 dollar less. How many 
pieces did he buy ? Ans. 12. 

5. There are two numbers, one of which is 8 more than 
the other, and their product is 240. Required the num- 
bers. Ans. 12 and 20. 

6. A merchant sold a piece of cloth for $39, and gained 
as much per cent, as it cost him. What was the cost of 
the doth? Ans. $30. 

7. The length of a room exceeds its width by 8 feet, 
and its area is 768 feet What is its length and width? 

Ans. 32 and 24 feet 

8. A man, having traveled 160 miles, found that if he 
had travded one mile more per hour, he would have been 
8 hours less upon the road. Required his rate of travd- 
ing, and the number of hours he was upon the road. 

Ans. 4 miles an hour, and 40 hours. 
7. A man has a painting 18 inches long and 12 inches 
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wide, which he orders the cabinet maker to pat into a frame 
of uniform width, and to have the area of the frame equal 
to that of the painting. Of what width will the frame 
be ? Ans. 3 inches. 

10. A person bought some yards of cloth for 120 shil- 
lings ; if there had been 6 yards more, each yard would 
have cost a shilling less. Required the number of yards 
and the price of each. Ans. 24 yards, at 5 «. a yard. 

11. Two men, A and B, traded together. A put in a 
certain sum for 4 months, and B put in 8850 for 2 months. 
They gained $99, and A received for principal and gain 
8136. How much stock did A put in ? Ans. $100. 

12. Several gentlemen made a purchase in company for 
175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more 
than would have been his equal share if the bill had been 
paid by the whole company. What was the number in 
the company at first? Ans. 7. 

13. A merchant bought several yards of linen for 60 
dollars, out of which he reserved 80 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price ? 

Ans. 120 yards, at 50 cents. 

14. Two casks of wine were purchased for $58, one of 
which contained 5 gallons more than the other, and the 
price by the gallon was $2 less than one-third of the num- 
ber of gallons in the smaller cask. Required the number 
of gallons in each, and the price by the gallon. 

Ans. 12 and 17 gallons, at $2. 

15. A gentleman purchased a building lot, and in the 
center of it erected a house 54 feet long and 36 feet wide, 
which covered just one-half of bis land, Hiis arrange- 

17* 
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maat left lum a flower border of uniform width all round 
hia house. What was the width of his border, and the 
dimensions of his lot ? 

Ans. The border 9 feet, and the lot 72 by 54 feet. 

16. A father left an estate of 830,000 to be divided 
equaUj amcmg his sons ; but one of these dying immedi- 
ately after his £ftther, the estate was divided among those 
remaining each of whom received $1,500 more than he 
would have received if all had been living. How many 
SOBS did the iaihev leave? Ans. 5. 

17. A charitable person divides the sum of $36, in equal 
shares, among the poor of a smaU town; but as 6 of those 
whom he thought g[ reUeving stood no longer in need of 
assistance, eadi of the remainiog paupers had for his share 
one<>twelfth of a dollar more than he otherwise would have 
had. How many paupers were there at first ? 

Ans. 54. 

uxoative values. 

XCIX. Thus far we have considered the positive val- 
ues only obtained for the unknown quantity. Let us now 
examine, in some examples, the negative values also. 

1. A person bought some sheep for S72; and found if 
he had bought 6 more for the same money, he would have 
paid $1 less for each. How many did he buy? 

Let X equal the number; then by the question 

— — "^^ _ t 
X a:+ 6"~ ' 

from which we obtain a: = 18, x == 24. 

The positive value of a, satisfies the question in the 

exact sense of the enunciation. To interpret the nega- 
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tive resalty we subfiliti^ ^- a; for a; in the equation, which 
becomes 

72 . 72 



— X — a: + 6 
or, whidi is the same thing, 

72 72 _ 

IT — •*■> 



= 1; 



an equation which corresponds to. the followmg enuncia- 
tion. 

A person bought some sheep for $72 ; and found if he 
had bought 6 less for the same money, he would have 
paid $1 more for each. How many did he buy ? 

The negative value here modifies the question in a 
manner analogous to what takes place, as we have already 
seen, in equations of the first degree, 

2. Bought some cloth for $24, for which I paid $2 
more per yard than there were yards in length. How 
many yards were there ? Ans. 4, or — 6. 

How shall we interpret the negative answer to this 
question ? 

3. A company at a tavern had £8 15^ to pay; but two 
of them having lefl before the bill was paid, those who 
remained had each 10 shillings more to pay. How many 
were in the company at first ? Ans. 7, or — 5. 

In what way must this question be modified, so that 
the negative value may become positive and answer its 
conditions ? 

4 To find a number such, that if the square of this 
number be augmented by 5 times the number and also by 
6, the result will be 2. 

Putting X for the answer, the values of x in this case 
will both be negative. The question, therefore, is impos- 
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nble in the sense in which it is enundated. How niiist 
it be modified, so as to become capable of solution? 

5. To divide the number 10 into two such parts, that 
the product of these {Arts shall be 30. 

Putting X for one of the parts, 10 — x will be the 
other. We haye, therefore, by the question 
10 a: — a:»=30. 

Resolving this equation, we obtain 

x = 5 + ^/^^,x = 6 — ^/—5. 

This result indicates that there is some absurdity in the 
conditions of the question proposed ; since, in order to 
obtiun the value of a:, we are required to extract the 
square root of a negative quantity, which is impossible. 

In order to see in what this absurdity consists, let us 
examine into what two parts a given number should be 
divided, in order that the product of these parts may be 
the greatest possible. 

Let n represent the given number, d the difference of 

the two parts ; the greater part will then be 

n , d , . , « d 
2 + g, and the less, 2 — 2' 

Let P represent the product of the two parts ; then 

G+DG-D = -' 

Here the value of P, it is evident, increases as that of 
d decreases. P, therefore, will be the greatest possible 
when d is the least possible, or zero. 

If, then, a given number be divided into tvoo partSy and 
the$e parts be multiplied together, the product vnU be the 
S^^^P^^'Mle when the parts are equal. 
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Beiaming to the question, the^greatest passible piiodact 
which caa be obtained bj dividing 10 into two parts, and 
taking their product, will, be 25. The absurdity of the 
question consists, therefore, in requiring that the product 
of the two parts into which 10 is to be divided should be 
greater than 25. 

The values, ar z= 5 -(- V — 5, a; = 5 — ' V — 5, in 
which the root of a negative quantity is required to be 
taken, are said to be imaginary^ in distinction from those 
which can be found either exactly or by approximation, 
which, on this account, are called reaL ' 

GENERAL EQUATION OF THE SECOND DEGREE. 

C. The equation, a^ -\' px =z q, represents generally, 
as we have seen, any equation of the second degree, p and 
q being any known quantities whatever, positive or nega- 
tive. 

This equation being resolved, gives 



or, writing the values of x separately. 



r' 



4 



=-|-\/« + f 



Any quantity, which, substituted for the unknown quan- 
tity in an equation of the second degree, will satisfy it, is 
called a root of the equation. 

Thus the values of x found above are roots of the equa- 
tion a^ -{- px z=: q, since, if substituted for a:, they* will 
satisfy the equation. Every equation of the second de« 
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gree will have, therefore, two roots, and it may be dhown 
that they will have but two only. 

If the two values of x above be added together, the sum, 
it is evident, will be — p ; and if they be multiplied to- 
gether, the product will be — g. 

The roots of an equation of the second degree will have, 
therefore, the following properties : 

1^ The algebraic sum of the two roots is equal to the 
coefficient of x in the second term, taken tvith a contrary 
sign. 

2**. The prodvct of the roots is equal to the known term 
in the second member ^ taken with a contrary sign. 

Thus the roots of the equation, a^ — 6 a; = 16, are 
-j- 8 and — 2. Their sum is -|- 6, and their product is 
— 16. 

Ex. 1. Find the roots of the equation, 

a» + 8x = 33, 
and verify the above properties by them. 
Ex. 2. Find the roots of the equation, 

7? — x = A2y 
and verify the above properties by them. 
Ex. 3. Find the roots of the equation, 

a:» — 20a: = — 36, 
and verify the above properties by them. 

DISCUSSION OF THE GE17ERAJ. EqUATION OF THE SECONP 
DEGREE. 

CI. The solution of the equation, t? -^-px = $', ob- 
tained above, is a general solution of equations of the sec- 
ond degree. We will now examine the results at which 
we arrive, for the various hypotheses which may be made 
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with respect to the quantities, p and q. This is called a 
discussion of the equation. 

The equation, 2^ -{-px = q, will take four different 
formsi according to the variations of sign which may be 
given to p and q. These, it is evident, will be as follows, 
viz.: 

a^ -\' p X =z -\' qy Ist form, 
ac* — px =1 '■\- q^ 2nd form, 
ac* -|- p a; = — $', 3d form. 
7? — px z=i — q^ 4th form. 
We wiU examine these in order. 
1 . The first form x' 4" P ^ = ~h ?* ^^^ being resolved, 



=-|±\/^ + 



gives 

To obtain the value of x, we must be able to extract the 
root of the quantity under the radical sign, either exactly 
or by approximation ) This, it is evident, can always be 
done, since this quantity, in the present form, is necessarily 
positive. 

The value of the radical, moreover, is greater than 

that of the part without ; for the root of - alone being 

2 
equal to ^, the root of g' + ^ will necessarily be great- 

er than ^. The two values of x will then be one posi- 

tive and the other negative ; and of these, the negative 
value will be numerically the greater. 

Both values of x will satisfy the equation. The posi- 
tive value will satisfy the question of which the equation 
may be considered the algebraic translation, in the exact 
sense of its enunciatioD. The negative value will re- 
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quire, in order that it may become an exact or positive 
answer, that the question should be modified in the sense 
of some of its conditions. 

Let ns illustrate by a particular case, for example, the 
equation a:* + 8 re = 20. 

The roots of this equation are x = 2, a: = — 10. Of 
these, the negative root is evidently the greatest. 

Substituting the positive root, the equation becomes 
2" + 8*X 2 = 20, or, 4 + 16 = 20. 

Substituting, next, the negative root, it becomes 

(_ 10)» + 8a: X — 10 = 20, or, 100 — 80 = 20. 
Both values, therefore, satisfy the equation. 

The equation may be considered as the algebraic trans- 
lation of the following question. 

To find a number such, that if eight times the number 
be added to its square, the sum will be 20. 

The positive value of x satisfies this question in the 
exact or ordinary sense of its terms. 

To find the corresponding question for the negative 
value, we write — a; for a; in the equation, which becomes 

a:*— 8x1=20. 
And which corresponds to the following enunciation. 

To find a number such, that if eight times the number 
be subtracted from its square, the remainder will be 20. 

2. The second form, a? — px =z -\- q. This being 
resolved, gives 



-f ± \/^ 



'+r 



fSJin this form, also, the quantity under the radical sign 
is necessarily positive. The value of x is, therefore, 
real, since the root may be taken either exactly or by ap- 
proximation. 
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The val^e of the radical will also be greater than that 
of the other part. The two roots, therefore, will be one 
positive and the other negative. But the positive root m 
this form will be numerically the greater. 

Both values of x will satisfy the equation. The posi- 
tive value win satisfy the question of which the equation 
j» the algebraic translation in the exact sense of its envo^ 
ciation. The ne^tive value corresp(md8 to a^ analogpua 
question, differing from this pnly in tbe^fiense of some ef 
its conditions* 

Let us take, for example, the particular equation 
«« — 4a;=21. 

The roots of this equation are + 7, and — 3, of which 
the positive root is the greatest. 

Substituting,, first, the positive rooty the equation be- 
comes (7y — 4 X 7 == 21, or, 49 — 28 = 21. 

Substituting, next, the negative root, it becomes 
(— 8)» — 4 X — 3 == 21, or, 9 + 12 = 21. 

Both values, therefore,.satisfy the equation. The equa- 
tion may be considered as the algebraic translation of the 
following enunciation. 

To find a number such that if four times the nund^ 
be subtracted from its sqnar^ tjbo remainder will be 21. 

Tbo poeitiye value answers this question in its exao^ 
sense. The negative value requires it to be jsaodifiei 
tiius* 

To find a number such that if four times the aiHnbor 
be added to its square, the sum wiU be 21. 

Eaeb of Hie two i»«oeding fyems inv^dves the otiber in 
its solution. Each, Uierefore, connects in itself two qwBSh 
tions, which d^er from eadi otfaor 4xalj in the seoM ef 
certain conditions. 

la 
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S. The iMrS form, a^-f-px=± -^g. This being solted 

Here, in order that the root may be extracted, or, in 
other words, that the value of x may be real, g must not 

tfDseed ^. This being (be ease, the value of the radieal 

4 
will be less, it is evident, than Hiat of the pan without. 
ISoth values of x will, therefore, be negative. These wil 
satisfy the equation, but not the question of whidi it is the 
algebraic translation. 
Let us take, as a parfaenlar example, the equation 

aj»+ll« = — 80. 
The roots of this equation are — 6 and >^ 6. 
Sidistitnting the first in the equation, it becomes 
(—€)•+ 11 X— 6 = — 80, 
or 66 — 66 =s ^ 80. 

Subtttitnting the secoiid, it becomes 

(_5)»-f.ll X— 5 = — 30, 
or 25 --- 55 r= *— 8^ 

Both values, therefore, satisfy the equatSon. 
iTransposing tlie 80, Hhe equalaon becomes 
a*-f.lla:-f 80=0, 
iind may be considered the alg^bimie tmnslalioii of ike 
IhBowfUg enunciatioB ; 

To find a number such that if 11 times the number be 
aided to its square, and 80 also be added to the sitini Ihe 
result will be 0. 

Tiie question, as is evident from inspection, eaatoot be 
«olved in the sense o£ ito eoiiaoiati<m^ If, however, we 
*vriia — r as for a; in tbe equD^n* it becomes 

ar«_lla: + 80 = 0-, .^ . 

which corresponds to the following eiuncii^tion : 
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T<> find a number such ihat if 11 tiiaea tlie &u»ber be 
subtracted from its square, and 30 be added to the rmainr 
d&r^ tbe zesult will be 0. 

4 Fourth form, o^ — pxzzi — q. This being resolved 

gives » = I ± ly< T- — «• 



Here also, in order that the value of x may be real, q 

foust npt exceed ^- This cQndmon being fi^lfiUed, botb 
4 

values of a?, it is evident, will be positive, and will satisfy 
both the equation and the question of which it is the alge- 
braic trandation. 

As a particular case, let us take the equation 
a;* — 5a: = — 6. 

The roots ofthisare + SttDd + S, both of wUdi aat> 
isfy the equation. The equation returns to 5 a; --^ a:' = 6^, 
which corresponds to the following enunciation : 

To find a number such that 5 times the number shall 
exceed its square by 6. 

Both the values of z satisfy this enunciation. 

In the two last forms, we have seen that in order that z 

may be real, q must not exceed -j-. If q exceeds — , the 

vahie of ar is imaginary, and the result indicates some ab« 
•urdity in the conditions of the question of which it is the 
fi^ebnue translation. 

The equation of the third form, putting — a; for a^ r^ 
turii« to a; (|i — a) = g, 

and that of the fourth also returns to 

»(P — Jf) = fi', 
boih of whieji corvespond to tiie following enunoiatioo: 

To divide a number p int^ two such parts that tlie prod- 
uct of these parts qiay be q. 
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We bsre seen tfud the product is tiie greatest poesUe 
when the two parts are eqnaL 
Bj iospeetioD of the two last fonnnlas, it wiB be aeen 

that the Taloes of x beoome equal when q is equal to ^, 

U, then, the qoesdon reqoiies that q should be greater 
than thasi it is manifestly impossible to fulfil its conditions, 
and this impossibilitj becomes i^parent in the final result, 
in which we are required to extract the square root of a 
nc^gatiTe quantity. 

In all cases, therefore, t^hen the values of the unknoum 
quantity are imaginary ^ the eandiiiont of the question are 
ineampatUie with each other. 

It will be seen, moreoTer, that the condition, q less than 

^ being Iblffiled, the question in the last form will admit 

of two direct solutions ; for the question being merely to 
diyide a number into two parts, the product of which shall 
be equal to a given number, there is no reason why x 
should represent one of the parts rather than the other ; 
the equation, when solved, therefore, should give both at 
the same time. 

C JL The following questions will serve as an additional 
exercise for the learner in each of the preceding forms. 

1. A draper bought a quantity of cloth for £27. If he 
had bought 3 yards less for the same sum, it would have 
cost him 15 shillings a yard more. How many yards did 
be buy ? Airs. 12, or — 9. 

What modification is required in this question, in order 
that 9 may be the true answer? 

2. To find a number such that if 180 be divided by 
this'number, and also by this numb^ diminished by 6, 
the dilFerenee of the quotients will be 5. 

Ans. 18, or — 12. 
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d. Find a nomber which subtracted from its sqoarf 
makes 42. Ai^ 7, or ^-^r Q. 

To wl^^ question does the pegative answer botong? 

4. A man bought a horse, which he sold after some 
time for 24 dollars. At thia sale, h» loses as mmb per 
cent, upon the price of his purehase« as the horse cost 
him. What did he paj for the horse ? 

Ans. 60, or 40 ddUaiv. 

5. In a parcel ooattainuig 24 eoias of silver and ooppei^ 
each silver coin is worth as many ponce as there we oop* 
per ccMQs ; and eadi.eoi^r coin is worth as rmmf pence 
as tiiereaie i^verooiBs; and &e whole Is worth 18#. 
How many mre there of eaeb ? 

Airs. 6 stiver and 18 c<]^per,or 18 silirer and 6 dopper. 

6. Find a number such that if the square of this aufli^ 
ber be au^ented by 5 times the number and idso by 6, 
the result will be 2. 

How must this questioQ be modified so that the negiative 
answers may become positive ? 

7. Divide the number 44 into two such parts that theii; 
product shall be 500. 

What does the imaginary value, obtained for the an- 
swer to this question,, indicate ? What absurdity is there 
in the o^ditions of the question? 

cm. We pa«s, next, to (he solution of some ^quest^ns 
intoMng two unbiow^ quantities. 

1. There is a number which being divided by th^ pspr 
dncte of its two digits, the qootikent is 2, and jf 27 be i^ 
ded to it, the digits will be inverted. What is the iHiin})ef 7 

18* 
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Lei d; «iid ylM ^ ^Kg^; then lOx •{- y =: Hie nmn- 

Prom ^ first condition 

^®^±i^ = 2, or lOx + y r^ 2a:y (1). 
From Ihe (Beoend otmdkion 

or, a: + 3=^(2). 

Sabstituting, next, the value of y in (1), and resolv- 
ing tiM equation which results, we <ribtain a; r= 8, y = 2. 
The nnmber is, therefore, 86. 

2. The sam of two numbers is 24, and the sum of their 
squares is 806. WhataretheBumben? Ars. 9a]idl5. 

8. The difference between two numbers is 15, and the 
squaire of the less is equal to <me*ha]f the greater. What 
ave the numbers? Ans. 18 and 8. 

4k The sum of two numbers is 10, imd their difference 
divided by their product is equal to f . What are the 
numbers ? Ans. 8 and 2. 

5. A grocer sold 80 lbs. of mace and 100 lbs. of 
cloves for £65 ; but he sold 60 lbs. more of cloves for 
*£20 than he did of mace for £10. What was the price 
of a pound of each ? Ans. Mace 10;, cloves bs, 

6. A rectangular field contains 60 square rods, and the 
sum of its sides is to their difference as 17 to 7. What 
are the lengths of the sides? Ans. 12, and 5 rods. 

7. There is a number consisting of two digits, that in 
the unit's place bring the greater. The diUbrenoe be- 
tween the digits is 2, and if the number be divided bjthe 
^^uct of its digits, the quotient will be 8. What is the 
number? Ans. 24. 
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8. The snm of two numbers is to their difference as 
18 to 5, and if the greater be added to the square of the 
less, the sum will be 25. What are the numbers ? 

Ans. 9 and 4. 

CIV. The square root of a quantity, we have seen, is 
found by dividing its exponent by 2. Thus the square 

root of e^ is a% or a'. In like maimer the square root 

of a* is a*, and of a, or a', is a*. The square root then 
may be indicated by The fractional exponent \. And, in 
general, the nth root of a quantity may be indicated by 

the fraction ~. This last mode of notation is, in general, 

most convenient. 

The preceding method is applicable not only to equa- 
tions of the second degree, but to aU equations of the 
form a:*» + |ix" = g; 

in which the exponent of x in the first term is twice that 
in the second. We give a few examples. 

1. Find the value of x in the equation a^ -|~ ^ ^ = 
185. Here the exponent of x in the first term is twice 
that in the second. The left hand member may, there- 
fore, be made a perfect square, and the root extracted as 
in the preceding examples. Performing the operations, 
we have x* -|- 6 a:' + 9 = 144 

a:'* -f 3 = ± 12 
a;«=9 
«= ±3. 

2. Find the value of a; in the equation 

ar — 4«*=12. 
Completing the square 

x — 4ar*4.4=16. 



Extracting the root af* — 2 = db 4 ; 

whence sfi = 6, 

and X = 86. 

8. Find the value of x in the equation 

(x + 5)« + 8 (a: + 5) = 209. 

Here, also, the exponent of the quantity inclosed in 
tJie parenthetb in tfie fint term, is twice the exponent of 
the same quantity in the second ; whence, completing the 
square (« + 5)« + 8 (z + 6) + 16 = 225 
extracting the rpot (a? + 5) + 4 z;: ± 15 
and a: =^ 6, or — 24. 

4. Find the Talae of a; in the equation 

a?* — 10aJ* = 875 

Am3. « = 9. 

5. Find the valiie of a; in the equation. 

(x+12)* + (2 + 12)* = 6. 

Ans. X tr 4, or 69. 



SECTION XII. — Indeterminate Problems. 

CV* In order that a question may he capable of solution, 
it should furnish as many distinct equations as there are 
unknown quantities to he determined. When this is not 
the case, the question is said to be indeterminate. 

Let there be iSbe foUowmg question : 

To find two numbers such that their sum may be equal 
to 10. 

Let z and y be the numbers ; Ihea 
a?4.y= 10. 
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Here there are two unknown quantities to be determined, 
while the question furnishes but one equation. The pre- 
cise numbers intended in the question are not suffi^nently 
defined, and the question is, therefore, indeterminate. 

If we are at liberty to assign, at pleasure, a value to 
one of the unknown quantities, the question for this value 
becomes determinate, and the corresponding value of the 
other unknown quantity may easily be derived from the 
equation. 

Let it, then, be asked, what are all the values of x and 
y that will satisfy the equation and the question from which 
it is derived ? 

If by this question all possible values of x and y, posi- 
tive or negative, entire or fractional, are meant, there will 
be no limit, it is evident, to their number or the answers 
which may be obtained. But if, as is usually the case, 
entire and positive values only are intended, the number 
of answers will be comparitively few. 

From the equation, we have x =z 10 — y. 

Let us now put successively for y the entire and positive 
numbers between and 10. 

If y == 1, 2, 3, 4, 5, 6, 7, 8, 9, 

then a: = 9, 8, 7, 6, 5, 4^ 3, 2, 1. 

But the four first and the four last of these solutions aie 
evidently Ae same. The question, therelbre, admits of 
Ive different solutions, and five only, in entxre and positive 
numbers. 

CVI. "that part of algebra which relates to the solution 
of indeterminate problems is called hid^ierminate Amdy- 
ms. It is one of the most interesting branches of the sub- 
ject, and most fertile in important results. We shall adLre 
a few simple questions, in which the numbers are reqwred 
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• 

to be entile mi positive, in ori^v to give some idea of it. 
Ex* 1. It is required to divide the number 25 into two 
parte, cme of wbieh maj be 4msible by 2, and i^e otheip 
by 3, 

Let OP =: the quotient of the part divisible by 2, 

and y ==; the quotient of the part divisible by 3 ; the 

parts Tdll then be represented by 2 a; and 3 jd respectively, 

and we have 22; -|- 3^ = 25. (1) 

From which we have 2 a; = 25 — 3y; 

K 25 — 8 tf 

whence x = 5 — ^1 

4 

and, performing the division as far as possible, 

«=12-.y+^. 
or, changing the signs in the last term so as to make Jf pee^ 
itive a: = 12 — y — 2——. 

Here, since by the questioii x and y are entire naiQp 
bers, and 12 is an entire number,^— jr — must be an entire 

number, or y — 1 must be exactly divisiUe by 2« Let 
us put z for the quotient of Ihis division ; then 

y— l = 2zj 
wheaee y:si2z + i,(2y 

and, by subtttatioB, « = 11 — 3«p.' (3) 

New since x arast be ptmtite as wdl as entirei S«, it is 
evident, must not exceed 11, and, by consequence, t ctm 
have no value greater than 3. We shall obt^ii, then, 
fiwMo the equatioBs (2) and (8), all the values whidi, fircn 
the nature of the queation, :p and y admit, by assigning to 
z the mitbe and positive Bowben froia to 4^ the bring 



ffw^putartr «, arrrl, «£=2, ar^B, 

Oien y= 1, y = 8, y=:5, y=:7, 

x z= 11) a? = 8, « := 5, X =: 2. 

The qoestioD, therefore, adsuto of 4 different answers, 
and four only. These are 

1. 22 + 8, 2, 16 + 9, a. 15 + 10, 4. 21 + 4. 

Ex. 2. It as required to pay a debt of 58 francs with 
pieces of 3 francs and 4 francs only. In how many ways 
can it be done ? 

Ans. In four different ways. Putting x and y for the 
pieces, respectively, they will be as follows : 

1st 2d. dd. 4th| ^^ 

y= 1, 4, 7, 10, 
X sz IS, 14^ 10, 6. 

Ex. 8. A sum of 37 dolkurs was distribtiled aiaoDg 
some poor persons, men and wom^i ; each woman re- 
ceired 92 and eadi maa 9B. How siaAy men and wo- 
men were there ? 

Patting a; for Hie tamber of women and y for the 
number of men, the qnestien adteite of 6 answen, at 
foUows: 1st 2d. dd. 4«h. 5ih. 6th. 
y= 1, 8, «, 7, 9, 11, 
«=£l7, 14, 11, 8, 5, 2. 

Ex. 4. To divide 100 into two such peifis that if the 
first be divided by 5, the remainder will be 2 ; and if the 
Second be divided by 7, the remainder will be 4. 

Let X be the quotient arising from the division of the 
first part by 5 ; then Ihe first part will be 5 a? -f- 2* In 
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Mke maimer die other part will be 7 f -|« 4y aitd we ikidl 
have 5a; + 2 + 7y4-4 = 100 

6« + 7^ = 94 (1) 

2y — 4 



xzrzlS' 



5 



Here it is necessary that 2 (y — 2) should be divisible 
bj 5. Bat as the factor 2 is not cKvisible by 5, nor is it 
a factor of 5, the remaining factor y — 2 mast be divisi- 
ble by 5. Patting z, as before, equal to the quotient, we 
have x=zlS — y — 2z 

y = 6z+2 (3) 
x=U — 7z (4) 
It is evident that z here must not exceed 2. Patting 
z sucoessively = 0, 1, 2; we have 

for ar r= 0, « = 1, z = 2 
y= 2, y = 7, y = 12 
X = 16, a; = 9, a: = 2 
Thus the questioa admits of three different answers, 
and of three only, and Ae parte are 

1. 82 + 18, 2. 47 + 53, 3. 12 + 88. 
In the following examples the learner will be careful 
to take out the factor Ibund in the last term of each of 
thiQ €|f nation^ corresponding to the equation^^xnaiked (2) 
in the exfunple abov^. 

5. Two women have together 100 eggs ; one says to 
the other, when I count my eggs by sevens there is an 
OTerplus of 5. The seopad replies, when I count mine 
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hgriiBStlinwisaacnrerphit^f 8» HowmnykideadiP 
A»B. One bad 82 and tlie other 18; 
or, one had 12 and the other 88. 

6. In how many ways can a debt of 151 Httos be paid, 
bj paying pieces of 11 HTies and receiying in ezdiange 
j^ecesof 71ivres? 

Ainu The nomber of wftya ii without limit For the 
first, we have 15 of the one and 2 of the other. 

7. A person boag^ some sheep and lambs for 258 
shiUrngs ; ^e dieep cost 18 and the lambs 5 shillings 
i^iece. Hownony Adheboy of each? 

Ahs. 1 sheep and 48 lambsi or 6 sheep 
and 85 lambsi Ike. 

8. A lady purchases some articles at a wUate amonnting 
to 91 05. She has 25 sent pieces only^ and the shq^i- 
keeper has 20 cent jneces only. In what way can she 
best pay for her porchase ? 

Ana. By paying 21 pieces gf 25 cents, and receiying 
in exchange the same number of 20. 

9. A gentleman has a piece of wofk to be done for 
which he is willing to pay 29 idiillings, but is obliged to 
ttonploy laborers at two d^erent prices, yiz : at 5 shillings 
and 9 shiBings a day. In how many wayscan heemploy 
laborem at these prices to do the worik? 

Alls. In one way onty. 

10. Is it possible to pi^ a debt of 71 shillings wbk 
pieces of 7 shillings and 18 shillings only? 

Supposmg it possible, let x = the number of pieces of 
19 
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7 slbilliBgs, aad y = the number of pieees of 18 ihiliiigs^ 
then 7jp+iay = 71 (1) 

from which we obtain x-=z 10 — y ^-^ — 

a: = 10 — y — z 
6y = 72^+1 (2) 

arzs 62!'— 1 
y=:7z'— 1 (3) 
aj = 12 — 14 a' (4) 
Here rm values, poshiye or negative^ can be given to 
2/ thai w31 render x and y both positive. 

It is impossible, therefore, to pay the debt in the man- 
ner proposed. 

The coefficient of y in equation (2) being greater than 
unity, an additional auxiliary unknown 2;^ has to be em- 
ployed. In general, the use of tibiese auxiliary unknown 
quantities must be continued, until the coefficient of that 
before the one last employed shall become equs^ to unity. 
11* A company of men and women club together for 
the payment of a reckoning.; each man pays 19 shillings 
and each woman 16 shillings, and it is found t}mt the wo- 
men together pay 1 shilling kss than the meo;* How 
many men and women were diere ? 

Ans. 11 men and 13 women, &c. 
12. A merchant purchases some pieces of cloth of two 
fiflbrei^ kinds for $185, giving 911 a piece Vor the. first 
kind, and $13 a pieoe for the second. How many pieces 
of eaek ki&d lUd bepwchasa? 

Ans. 5 of the first and 10 of the second. 
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la. A eoiiler has gold of 1£ aad ef 20 ciunate fiat. 
How many oanoes must be take of eadb that the mtxtopo 
maj be 18 caraits fine ? 

Let X = the number of ounces q£ 15, and y =: the 
xiumberof 20 carats five; then 15x -f 20y:= 18(3^ + ^) 
Ai«s. 2 of 1^ and 3 of 20, or in like proportions. 

14. A merchant has two kinds of teas ; one is worth 8t 
cents and the other 63 cents a pound. How much must 
he take of each that the mixture maj be worth 46 centa 
a pound ? Aks. 17 of the first and 9 of the second^ &c. 

15, A £ftrmer has wheat at 15 shillings and at 22 shil- 
lings a bosheL How mnch must he take of .each to make 
^ mature worth 17 shillings a bushel ? 

Aits. 5 of the first and 2 of the second, &c 
The questions solyed bj the rule of Alligatianin Azitb- 
noetic belcmg to the Indeterminate Analysis. What we 
Jia^e done is sufficient to show how questions of. this kind 
4u» perlbraoked, when the oomponenis of the required 
quantity are limited to two. 



SECTION XIII.— Theory op Looakithms. 

CVJUL. Various expedients have beendevised to abridge 
tiie labor of numerical caloukitioDfi. Among thesci the 
ttost xemfloricable is the inventioa of logarithms* 

To gire an elementary riew of this snbjeet, we write 
in one line the diffident powers of the number 8, for ex 
ample^ and in another line aboTe &em the ezpenents of 
these poweitt. It being reeoMected, moreoiter, thftt SP^.or 
thai £ wiltt ztn toae its efipsnonti is equivalent to oaity , 
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we pkee nakf for tbe first term in Ike aeries of powei ' s , 
and for tiie eonespondifig ezponeot, tiiiu : 

0, 1, 2, 9, 4» 5. 6, 7, 8» 9, 10.... 

1, S, 4, 8» le, 81, «4^ 128, 256, dl2, 1024.... 
Hie first of these two series, it will be pereeived, is m 

progression bj difTerenoe, the ratio of whidi is 1, and the 
seoond is a progresaioii bj qootient, the ra&> of whidi is 
2. It win be seen, also, that the additioo <^ the exponents 
eoiresponds to the mohiplieatien of the powers or numbers 
to wUdi thej belong, and the sobtracdon of the exponents 
to the dirision of these numbers. Urns, if we add to- 
geAer the eiqiooents 8 and 5, the number 8 whieh resulfs 
win be the exponent of 258, the prodnet of 8 b j 82, the 
Bomberi to which ihe exponents 8 and 5 belong, respect- 
ItoIj. In Bke manner, if we subtract the exponent 8 from 
the exponent 10, the number 4 which results is the expo- 
nent of 18, or the quotient of 1024, the number eorres- 
ponding to Ae exponent 10, bj 64, the number eorves- 
ponding to ^e exponent 6. 

It is easj then to see thai if the seoond series, or series 
of powers, were so enlarged as to comprehend an possible 
numbers, and the series of exponents were also extended 
to correspond with them, we mi|^t^ bj aid of the two 
aeries, make addition take the place of multiplication, and 
sabteaction thai of divisiott. 

8udi a douUe series of numbers is eaQed a system of lig*- 
«rMau, and when conTOBiently aixaaged in tdbles, a Table 
oflogarithasa. The exponenCa are called tiie logarithms of 
the numbers to which tiiej respectiTel J belongs and the in- 
Turiabie number, as the 2 in the example above, empiojed 
in forming the ayslem, is called te 6«Jt e£ the tysteas. 

Can wa Am such a syslemP Can we, for OTampte, 



TKDJIY 0F JMMfMITHWBk 



818 



)i^i(jtimg S to «Bi«dbte poirt^ 1^01^^^ 
hen^ or, caaiKeFg^y^ regardiag all muiKbexs as demad from 
2f raised to the requisite powers, can we find the e^^^ 
iHote of Aese j^neni 

The ablation of this fue#ti(m giv^s rise to an eqantiiQii 
of a different form from any we liave hitherto considered. 
Thus, to take a pacticalar cas^, suppose that 7 is consid- 
ered a power of 2^ what is the exponent of this power ? 
The question gives rise, it is eyident, to the equation 

2' ==7, 
in which the unknown quantity is an exponent^ This is 
called an exponeTUial equation^ 

We must limit ourselves to the remark that the equation 
is susceptible of solution, and that the. value of x msLj be 
4etermined, either exactly or with such degree of approx- 
imation as we please. 

Below we have written a table of numbers, from 1 to 
30 inclusive, and by the side of them the exponents of the 
powers to which the number 2 must be raised, in order to 
produee these numbers. 



W. 



Log> 



0.0000 
1.0000 
1M49 
2.0000 
2.3219 



2.5849 
2.8073 



8*0000 Id 



3.1699 
3.3219 



14 3.8073 



15 



liOg- 



3.4594 



3.5849 22 



3.7000 



3.9065 



4.0000 
4.0874 



4.169928 



4.2479 
4.3219 



1J 



21 



30 



43922 
4.4594 
4.5235 
4.5849 
4.6438 



4.7000 
4.7548 
48073 



29 48577 



4.9065 



Siu^ift «ftUed a Table of; logaritkins ; ti^e mmb^BS lure 
19* 
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k in one eolwu, and A« 
qJeukted to firar plaoet of deeimalsy axe wnttw bjFlMr 
Mb. 

Leiiibereqiiiredtomiilfti|plj8bj9. Fikmi tho trite 
we find 1.6849 =5 kg. 8 

8.1899 £=: log. 9, 

and bj addition, 4.7548 = log. 27, the answer. 

Instead of 2, we might have taken for the base of the 
■jstem anj other convenient number, 8 for example. 
Writing as abore a few of the powers of 8, we hare 

0, 1,2, 8, 4, 6, 6, 7, 8, 9... 

1, 8, 9, 27, 81, 248, 729, 2187, 6661, 19688... 
This system will be found to have the same properties 

with the first, which has 2 for its base. 

Let it be reqaired, for example, to multiply 729 by 27. 
We have 6 = log. 729, 

8 = log. 27. 
And by addition, 9 = log. 19688, the answer. 

Let a^represent generally the base of a system of log» 
arithms, and IV any number in the system ; we shall have 
the general equation, i^ r= iV; in winch the value of a; ia 
to be determined for all possible values of N. 

Li this equation, SB is the logarithm of iV. And in gen- 
end, the logarithm cfa mtmber is the exponent ^f thepouh 
er to whkh it is necessary to raise an twcariMe mmker 
taken as a base^ in order to produce the number, 

Snpporing a taUe of kcarithms fevaed by means of 
tUs equation^ we wiU now demonstrate die prop^ties 
whidi these logarithms possess. 

LetiisdesatBatebyJ)r,iV^iV"...aaynmBiMn what- 
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fe7«,a^/«"...tli«rl0gftMnit; we shall bftre 



MiMpljriag aoxt tlieaa eqnatioDfl aoMnriier bj^ member, 

«^ X rf" X flT... = iVX W X W''..., 

or rf.+.'-i-r _ jv-JVJV'. 

Now tor the same reason that a; is the logarithm of N^ 
a; + oK + a:"' will be the logarithm of NN'N'. In all 
casesy therefore, we hare Uus principle: 

The logarithm of a product it equal to the turn rf tkt 
togmrithmsifthefaetoreof this product* 

A mnltipBcalion then being proposed, if we take from 
the table the logarithms of the nombers to be mnltipBed, 
the som of these will be the logaritlmi of the prodoct 
aoQH^ Seeking next this logarithm in the table» the num- 
ber oorrespcmding to it will be the product songht 

Let it be required next to divide the nnmber Nhy the 

nmnber Nf and as before let Xy xf, be the logarithms of 

these numbers; then we hare the expiations 

i^ = N, i^ = JV; 

dividing these member bj member, 

«• N ^ ^ N 
^ = 35,or<^- = j^,; 

iV 
whence log. -^ = * — «' = log. N — log. N 

Hence, the logarithm of a guetient it equal to the difer* 
ence between the logarithm of the diviter and that ef the 



i^ tiien» it be pcopoeed to div^e one nmnber by aaetho^ 
&QBk the logarithm of the dividend we subtract the loga- 
rithm of the divisor; the remainder will be the kgarithtt 
of the fuothnt; seeking, tkerefine, this kgpffidim in the 
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teUe, the muiiber oortfofpoadiag will be theqwotiediiPiJ^iU 
From what has been done, it will be aem thai in- the 

use of a table of .logarithms. airft^ton ma^^ he made U take 

the place ef fmt/iipHeaimh anieukraeiSmthatofdkiiitm, 
Letitneztberequived to rabe the niunber iV^ to a 

power denoted bj m. We have the equation 
a* = J?f, 

or, raising both members to the mth power, 

whence the logarithm of iV^= mx = m log. iV. 

That is, the logariiim^fimy potmrefa mcmberisefHol 
totieprodtwt of the logarithm rftiii muaaker by tie ex- 
ponent of the power. 

To raise a ftumber, therefore, to a power, bj means of 
kgadtimis, we moldplj the kgarkhm of the proposed by 
the expooent of the power to which it is to be raised ; the 
Bamber in the table eerresponding to this product^ will be 
tiie power sought 

Again, let it be required to itid the m&k reetof a mm^ 
ber iV, We have, as before, 

Taking the mth root of both members, 

- m/ 1. 1 *r- « log.iV 

a«» = iv*"; whence log. iV"» = — := — ^ — 

m m 

That is, the logarithm of the root of any degree of a 
number is eqiial to the logarithm of Ike memher danded^ by 
ike index of the nx>t. 

The properties above are altogether independeat of the 
base; we may take, thereibre, as we have befoiO said, 
09x^ number we please, with t^e es^eeptkin ef uaity^ lor 
the base of a system cf logarithme. , ... 

The BHiobeip 10, h9W«viBir> isfouaa iu prMtke to bethe 
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most eonveiiietit base. To calculate this sjrttem, we haT6 
4o calculate tlie vidae of as in the equation 10*= Ny for 
•B the snmbetB we wish to plaee in the s jstem. 

Tayng a few of the €nt powers, we ha^re 

a; = Oy 1, 3, Sy 4, 5. • • • 

JV=: 1, 10, 100, 1000, 10000, 100000.... 

From this it will be seen that in the system, the base 
of which is 10, 

1^. The Ic^arithms of numbers between 1 and 10 wiH 
be a fraction. 

2*. The logarithms of numbers between 10 and 100, 
will be 1 and a fraction; between 100 and 1000, 2 uid a 
fraction, and so on. 

The logarithm of 8, for example, calculated in diis sys- 
tem, is 0.477121, ihat of 15 is 1.76091, thai of 120 Is 
2.079181, and so cm. 

In g^i^ral, it will be seen that the figure in the entire 
part of the logarithm is one less than the number of* fig- 
ures in the number. Thus if the number consists of two 
figures, the number in the entire part of the logarithm will 
be 1 less than 2, or unitj ; if the number consists of three 
figures it will be 1 less than 8, or 2, and so on. 

This entire part is called the charaeteristie of the loga- 
rithm* And as it is easy, firom the principle above, to 
determine the aitire part from the number, and the num- 
ber of figures in the number from the entire part of the 
logarithm, it is usual to omit the characteristics in the ta* 
bie to save the room. 

Since the logarithm of 10 is 1, that of 100 is 2, and so 
on, it fellows that the logarithm of a number multi{^ed 
by 10, 100.. . will be 1, 2,. . . units greater than the kg- 
aritiim of this number. Thus the logarithm of i being 
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O.698a70» the logavithm of 10 tiines 5 or W is 1.698970, 
tiiat of 100 times 5 or 500 is 2.698970, and so on. The 
decimal part of the Ic^arithm will, tiierefore, be the same 
for this number or for ks prodact or quotient by 10, 100 
and so on. This is one of the principal advantages of 
the system of logarithms, the base of which is 10 ; since 
we have frequent occasion to mokiplj or divide numbers 
bj 10, 100, and so on, operations reduced iu this case to 
the simple addition or stdbtraotion of units. 

It is usual to accompany tables of logarithms with suf- 
ficient explanations of the mode of using them. We add 
a single explanation here. 

Let it be proposed to find, ^^r example, the logarithm 

4»f ^. The logartOim of 75 is L87506i4 Oat of 100 » 

2.000000. Subtracting the latter from the former, we 

have ~ 1^4989 = log -^. But this logariAm, ^n&ich 

is altogether negative, is inconvenient in practioe, and a 

more convenient one is to be sought. 

75 1 

The fraction -— returns to --^ X 75 ; whence 

log .75 = log^ + log 75 = ~ 2 + 1.8750(tt ==: 

— 1 + 875061 5 or, placing the sign — over the one, to 
show that t&e diaracteristie only is negative, 1.875061. 

This, it will be perceived, is only a eontimtati(m of the 
{Mineiple idready enunciated, according to whidi the loga- 
xiihm of a number 10, 100. . . times less thui the pro- 
posed number is Ibond by subtraeting 1,2... units from 
ihe eharaeteristic* 
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Thii the ]<^arithm o£ 750 = 2.876061 ; whence 
log 75 = 1.875061 
log 7.5= 0.875061 
log .76 == 1.875061 

log .075 = 2.875061 
log .0075 = 3.875061 

In genecaly the nes M fe chaittcteristic of the loganthm 
of a decimal fraction has for its numerical value a num- 
ber of units, equal to the number which marks the place 
of the first significant figure of the'fraction from the place 
of units. 

Supposing the learner furnished with a table of loga- 
rithms, we will now give some examples of their use. In 
^e tables we employ, the logarithms are cftlcnlated to the 
SLxth decimal place inclusive. 

1. Let it be required to multiply 868 by 429. 

log 863 =2.936011 
log 429 zz: 2.632457 

5.568468. 
This logarithm is not found in the tables. It is com- 
prised, however, between 5.568436, the logarithm of 
370,200, and 5.568554 the logarithm of 370,300. The 
difference between these two logarithms is 118 ; the dif- 
ference between the less of these logarithms and the pro- 
posed is 32. We shall have, therefore, the following 
proportion, 118 : 100 : : 32 : 27, nearly. 

Adding 27 to 370,200, the number corresponding to the 
less logarithm, we have 370,227 for the answer. 

2. Divide 173052 by 253. 

The numbers in the tables extending only to 10,000, 



)h' 



9M) PutsT htsaom m Aunnji. 

the logwiihm of the 4iTid«iia it not oontemed in Hhem. 
Jt can, howoTer, be enulj found. The newest nomber 
to it| contained in the taUes, is 1780. We regard, then, 
lor the moment, the proposed as 1780.52. The logarithna 
of this last is comprised between the logarithms of 1780 
and 1781. The dilFerenoe between these two kgarithma 

52 
is251;YQQtl^erefeieof thisdlierenoeaddedtothe k^ga. 

rillmi of 1780 will giTo the logarithm of 1780.52, nearlj ; 
tfans kg. 1780.52 == 2.288177 ; whence, adding two onita 
to this last to obtain the logarithm of the pn^osed, we 
haye log 178052 = 4.288177 

log 258 = 2.408121 

log 684, Ans. 1.885056. 

8. Mnltiply .785 by .0087. 

log .785=1.866287 
log .0087 = 8.989519 

log .0068945, Axfs. 8.805806. 

4 Diride .068 by 797. 

log .058 = 2.724726 = 3 + 1.724276 
log 797 = 2.901458 

k« .0000665, AjfS. 5.822818. 

To render the subtraetion required in this example pos- 
sible, we change the characteristic 2 into 8 -f- 1> which 
has the same value ; this furnishes a ten to be joined with 
7 for the subtraction of 9, the left hand figure of the dec- 
imal part A similar preparation, it is evident, must be 
made in all cases of the same kind. 
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5. To find the 5th power of .125. 

log .125 = f.096910 
5 



log .000030519, Ans., nearly. 6.484550. 

6. To find the third root of .0375. 

The logarithm of .0375 is 2.574031. The negative 
characteristic, 2, of this logarithm is not divisible by 3, 
the index of the root required, neither can it be joined 
to the positive part, on account of the different sign. But 
if we add — 1 -f* 1 to the characteristic, which will not 
alter its value, it becomes 3 -f- 1 ; t^e negative part is 
then divisible by 3, and the 1 being positive may be join- 
ed to the fractional part 

Thus log .0375 z= 2.574031 = 3 + 1.574031 ; 
whence, dividing by 3, we have 1.524677 = log .334716, 
the root required. 



SECTION XIV. — Compound Interest. 

C Vin. One of the most important applications of loga- 
rithms is to questions upon the interest of money. 

Interest is of two kinds, simple and compound. If in- 
terest is paid upon the principal only, it is called, as we 
have seen, simple interest; but if the interest, as it becomes 
due, is added to the principal, and interest is paid upon the 
whole, it is then called compound interest. 

We have already investigated rules for simple interest ; 
we will now do the same for compound interest. The 
general problem may be stated as follows : 
20 
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To determine what sam a given principal p will amount 
to, in a number n of years, at a given rate r, at oompoond 
interest. 

The amount^of unity for 1 year will^be 1 + r, that of 
p units, therefore, will hep (I + **)• 

For the second year, p (1 + **) ^^^ ^® ^^ principal, 
and its amount will be p (1 + 0- + ^)» ^^P 0- 4" ^T* 

In like manner, the amount at the end of the third year 
will be p (1 + ^)% at the end of the fourth, p (1 + *")*» 
and so on. 

Let us put A for the amount at the end of the n years ; 
then -4=^(1 +ry. (1) 

This is a general formula [for compound interest, ac- 
cording to which, to find the amount, toe multiply the prin- 
cipal by the rate increased by unity and raised to a power 
denied by the number of years. 

These operations, especially that of finding the'requisite 
power when the number of years is large, will be much 
facilitated by the use of logarithms. 

If we take the logarithms of both sides of the formula 
(1), we have log -4. = log ^ + ^ ^^S 0- 4" **)• 

Ex. 1 What will be the amount of $5000jin 40 years, 
at 4 per cent., compound interest ? 

By the formula, log A z= log 5000 + 40 log 1.04. 

Ans. $24007 90. 

Ex. 2. What will be the amount of $375 in 10 years, 
at 6 per cent, compound interest ? Ans. $671 57. 

Ex. 3. What will be the amount of $763 in 6 years, 
at 5 per cent., compound interest? Ans. $1022 49. 

CIX. The equation il =p (1 -f- 0" contains four quan- 
tities, A, p, r and n, any one of which may be determined 
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when the others are known. It gives rise, therefore, to 
fonr different questions. 

1**. To determine -4, when jp, r and n are given, or, 
the principal^ rate and number of years being given^ to find 
the amount. 

This question we have already solved. 

2**. To determine jp, when A^ r, and n are given, or to 
find what principal^ put at compound interest, loUl amount 
to a given sum, in a certain mimher of years, at a given 
rate, 

Besolving the general equation with reference to jp, we 

or by logarithms, log p = log A — n log (1 + r). 

Ex. 1. What principal will amount to $350 95 in 4 
years, at 4 per cent., compound interest ? Ans. $300. 

Ex. 2. How much money must be placed out at com- 
pound interest, to amount to $1000 in 20 years, the inter- 
est being 5 per cent.? Ans. $376 89. 

3**. To determine r, when A, p, and n are known ,or 
to find at what rate a given sum must he put at compound 
interest, in order to amount to anjother given sum in a given 
time. 

Besolving the general equation with reference to r, we 

have (l + r)='*^/^4 

or by logarithms, 

log (1 + r) = ^: ^ - - 

Having by means of this last determined the value of 
1 + r, that of r will be easily found. 
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Ex. 1. A capital of $3200, having been at compound 
interest for 80 years, has amounted to $34050 84 ; at 
what rate per cent, was it pqt out ? Ans. 8 per cent. 

Ex. 2. A sum of $1350, having been at compound 
interest for 3 years, has amounted to $3562 79 ; at what 
rate per cent, was it put out ? Ans. 5 per cent. 

4**. To determine n, when A, p, and r are given, or to 
find for what time a given sum must be put at compound 
interest to reach, at a given rate, a given amount. 

Making n the unknown quantity in the general formula, 

, . log A — log p 

we obtam n = -^ — jz — . °^ . 

log (1 + r) 

Ex. 1. In what time will £500 amount to £900, at 5 
per cent.? Ans. 12.04 years. 

Ex. 2. In what time will $200 amount to $238 20, at 
6 per cent.? Ans. In 3 years. 

ex. We dose with the following question : In what 
time will a sum be doubled, tripled, &c, at compound .in- 
terest ? 

To prepare a formula for this, let k denote 1, 2, 3 . . . 

then in the general formula we shall have A = hp, and 

we shall have Ap = jp (1 -|- r)" ; 

1 log A: 

whence n z=z , j—-- — -. 

log(l + r) 

Here n, it is evident, is independent of p, that is, what- 
ever the sum put out, it will be doubled, tripled, &c., in the 
same time. 

Ex. In what time will a sum be doubled, at 6 per cent,, 
compound interest? Ans. Jn 11.895 years, nearly. 
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SECTION XV.— Praxis. 

CVm. The following examples may be employed as 
additional exercises in the articles to which they are refer- 
red: 

A&T. n. Let the learner express in common language the 
reasonings necessary for the solution of the following questions : 

1. Two men are 63 miles apart, and are traveling to- 
ward each other ; one travels 3 miles an hoar, and the other 
4 miles an hour. In how many hours will they meet ? 

2. A farmer gave his laborers 896; paying each man 
$6, and each boy $2. There were as many boys as men. 
How many were there of each ? 

3. A boy bought as many pen holders as T^itihg books, 
paying 3 cents for a pen holder, and 6 cents M a writing 
book ; he expended in all 27 cents. Ilbw matiy of each 
did he buy ? 

4. In a certain school there are 30 pupils in two classes, 
and the grammar class is half as large as the reading class. 
How many pupils were there in each class ? 

5. A man sold a knife for 50 cents, by wliich he gained 
one-fourth the cost. How much did it cost ? 

6. A child being asked her age, answered, ^^ If from twice 
my age you subtract three-fourths of it, the remainder 
will be 10." What was her age ? 

A&T. Vm. Exercises to follow question 1. 

1. If a number be represented by x, how will half of 
it be expressed ? how one-eighth ? how one-tenth ? how 
one-fifteenth? how two-thirds ? how three-fourths? how 

seven-thirteenths ? how eleven tw^nty-oneihs ? 
21 
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2. The sum of two nambers is 36, and one is half as 
laige as the other. What are the numbers ? 

9. In an orchard of 54 trees, there are one-Uiird as 
many apple as pear trees. How manj are there of each ? 

4. A and B enter into partnership, and gain $105. A 
put in a certain sum, and B three-fourths as much. What 
is each man's share of the gain ? 

5. A person being asked his age, replied, <* If from half 
mj age you subtract one-fifth, the remainder will be 18. 
What was his age? 

Abt. 13L Exercises to follow question 2. 

1. The snm of two numbers is 68, and the sec(Mid is 7 
less than twice the first. What are the numbers ? 

2. The sum of three numbers is 56 ; die second is 9 less 
than three times the first, and the third is 5 more than 
twice the first. What are the numbers ? 

3. If 8 be added to twice a certain number, and 12 be 
sd>tracted from three times this number, the sum and dif- 
ference will be eqnal. What is the number? 

4. Two persons talking of their ages, the first sajs to 
the second, ^ My age is not so much bj 14 years as three 
thnes yours, and if twice your age be subtracted from 100, 
the remainder will be equal to our joint ages. What was 
the age of each ? 

5. A sum of money is to be divided between two per- 
sons, A and B, so that B shall have 810 more than twice 
as much as A. Now if 890 be added to twice A's share, 
the sum will be equal to both dieir shares together. What 
was the share of each ? ■ 

6. In a certain school the second class contains four 
times as many pupils, wanting five, as ^erewre in <iie 
first class, and if the number in tho third etass, wbieh is 



f«rio« tW of the first, be subtracted from 100, the remain- 
der will be equal to the number in the other two elassea 
togetlMsr. How many were there in each class? 
Abt. XL Additional questions. 

1. A woman carrying her eggs to market broke one- 
fifth on the way ; while there she sold three-tenths of her 
whole number, and still had 20 left. How many had she 
at first ? 

2. In a college one-fifth of the students ar<e Seniors, one- 
fourth Juniors, three-tenths Sophomores, and there are 40 
in the Freshman class. What is the whole number of 
students? 

d. A man uses one-third of his farm for pasture, one- 
sixth is meadow, one-twelfth is woodland, and the remain* 
ing 20 acres he cultivates with the plough. How many 
acres has he in his form? 

4. A shepherd has his sheep in two pastures; in the 
first there are two-thirds of his fiock wanting 20, and in 
the second three-fourths wanting 30, and tiiere is the same 
number in each pasture. How many sheep has he ? 

5. Out of a cask of wine which had leaked away a 
third part, 21 gallons were drawn, and the cask, being 
then guaged, was found to be half fiiU. How much did 
it hold? 

Multiply together the following quantities : 

Abt, Xn. Exercises to follow those under question 14th. 

1. 60 + a: by 5, 2. 75 + 2a: by 9. 3. 7a: + 10 by 18. 

4. 16— a; by 3. 5. 20 — 2a:by7. 6. 10a:— I5byl2. 
7. The sum of two numbers is 20, and twice the greater 
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id eqtial to three times the less. What are the numbers ? 

8. A farmer has 96 sheep in two pastures, and ihred 
times the nomber of sheep in the larger pasture will be 
equal to five times the sheep in the other. How many 
sheep are there in each pasture ? 

9. Two men together spend 8120. Five times the mon« 
ej A spends is equal to seven times the money B spends. 
How manj dollars does each spend ? 

10. Find a number such that if 7 be added to it, and 
again 5 be subtracted from it, three times the sum will 
equal four times the difference. 

11. Two men commence trade, each with the same sum ; 
A gains $50, B loses $40, when it is found that five times 
A's money is equal to seven times B's. Wh^ had each 
at first? 

2. Ezercifles to follow those under question %2, 
What will be the expressions for the remaiader when 
the following subtractions are performed: 

1. X -|- 1 subtracted from 3 »• 

2. 21 -f 9 a; subtracted frcHn 11 x. 

3. 3 a; -f 15 subtracted from 20. 

4. a; — 15 subtracted from x. 

5. 7 X — 60 subtracted from 8 x — 30. 

6. 9 a; -f 100 subtracted from 10 x — 100. 

7. 3 times x — 1 subtracted from 7 x, • 

8. 7 times a: + 5 subtracted from 13 a: — 20. 

9. 10 times 75 — 8 a: subtracted from 1240 — 4 x. 

10. 6 times 90 — 3 a; subtracted from 720 — 5 x. 

11. 3 (4 X — 20) subtracted from 5 (3 x -t*- 20). 

12. 5 (3 X — 25) subtracted from 7 (9 x 4> 15), 



PBAZIS. 
HISCfiLLANEOUS KqUATIONS OF TKB FIRST DEG&KB. 

dX. Find the values of x and y in the following equa- 
tions: 

,a? — 5,^ 284 — a; . 

1. -^-j |-6a:=£:^ — •= :. Aiw. a; = 9. 

^ , 11 — a: 19— a: , 

2. a:-] 5 — = — 5— • Aire, a: = 5. 

43? 4- 8 7a;-^ 29 _ 8g-f 19 
9 "^Sx- 12"" 18 * 

Avs» a; = 6. 

4. (a: — 24)*z=a:* — 2. 
Squaring both sides, 

K — 24 = a: — 4a:* -f 4; 

whence z^ = 7^ and x = 49* 

5. (4x + 12)* = 16. Ams. a; = 61. 

6. (12 + a:)*— 2 +x* Aks. a: = 4. 

7. (4x + 21)* = 2x* -f L Ans. a: = 25. 

8. (a? — 32)^ = 16 — a:* Ans. a: = 81. 

X 

^, 12 — a::^::4:l. Ans. « = 4. 

10.1^:if-=L-!::14T6. Aks. a. = 4. 

11. -. : ^ 2 X : : 5 : 4. 

4 o 

Ans. a; = S. 

12.K4.1:jr::5:3 ■) 

2a; 5 — , y _ *1 __ 2a!— 1 [. 
« 2 12 4 ■ ) 

Ans. X = 4, « = 3, 
21* 
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18. 



X — 2 10— g _ y — 10 



§ 3 "" 4 

2y-f-4 _ 2x + y _ a; +18 
8 8 ' ~ 4 ' 

Ana. X =s 7, y =s 10. 

miscsuiAUXous equations of the second degree. 

ex. Find the valoes of x and y in the following equa- 
tions : 

1. « + y = 10 ) Ans. 0? = 7, 



-hy=10) 
a:y= 21,; 



yz=i3. 

2. X — y = 4 ■) Ans. a: = 9, 

ay = 45, f y = 5. 

8. 5a:+8y=66 ) Ans. a: = 9, 

a:y=68.; y=7. 

4.a: + y:a:::7:5 \ Ajis. a? = db 15, 

xy + y* = 126. i y = d= 6. 

5. ar^+y*: X*— yi^::4:l I Ans. x = dr 25, 

xy = 225.) y = d= 9. 

6. x» + xy = 12 I 
y^4.xy:?=24.J 

Adding the two equations, 

x«+2xy + y»z=36. 
Extracting the square root of both sides, 

x + y=:^S. 
Substituting in the first 

«(a^ + y) = 12, 6x=: 12; 
whence x = 2 and y = 4. 

7. x« — xy = 21> Ans. x = 7, 
xy — y*=12. > . i y = 4. 

8. x» + xy z= 60 ) Ans. x = 5, 
xy4.j^ = 84,f j^ = 7. 



PRAXIS^ 231 

Ans. X — 14, or — 10, 



ix+eo ■" Sx— 5 

10 —3a? 4a? . ^ ,,,^ 

10. — j^— = j^— 3^. Ans. a:=;= 2,orllH 

11. a?+5 — jCa: + 5)^ = 6. 

Ans. a: .:;=c 4, or — 1. 

12. a: + 16 — 7 (a: + 16)* = 10 ~ 4 (a: + 16)* 

Ans. a: = 9, or — 12. 

laSCELLANEOUS qiTESTIONS. 

CXI. 1. Two persons, A and B, agree to purchase a 
bouse together, worth $1200. Says A to B, give me 
two-thirds of your money and I can purchase it alone ; 
but says B to A, if you give me three-fourths of your 
money, I shall be able to purchase it alone. How much 
had each ? Ans. A S800, B 8600. 

2. A person at play won twice as much money as he 
began with, and then lost 16 shillings. After this, he lost 
four-fifUis of what remained, and then won as much as he 
began with ; and counting his money, found he had 80 
shillings. What sum did he begin with ? 

Ans. 52 shillings. 

3. A and B speculate with different sums. A gains 
£150, B loses £50 ; and now A's stock is to B*6 as 3 to 
2. But had A lost ;jB50, and B gained £100, then A's 
stock would have been to B*s as 5 to 9. What was the 
stock of each ? Ans. A's £300, B's £350. 

4. Two pieces of cloth of equal goodness, but of dif- 
ferent lengths, were bought, the one for £5, the other for 
£6 10^. Now if the lengths of both pieces were in- 
creased by 10, the nnaJ)ers resulting would be in the 
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proportion of 5 to 6. How long was each piecei-and how 
much did thej cost a yard ? 

Ans. 20 and 26 yards, and the price ie 5^. 

5. A courier passing through a oertain place A» travels 
at the rate of 13 miles in 2 hoars ; 12 hours afterward, 
another passes through the same place, traveling the 
same road, at the rate of 26 miles in 3 hours. How long 
and how far most he travel before he chrertakes the first? 

Ans. 36 hours and 312 miles. 

6. A farmer has mixed a certain number of bushels of 
corn and oats. Had he had' 6 bushels more of each, there 
would have been 7 bushels of com to every 6 of oats ; 
bat if there had been 6 bushels less of each, then he 
would have had 6 bushels of com for every 5 of oats. 
How many w^e there of each ? 

An8. 78 of corn and 66 of oats. 

7. A and B earned 100 e^s between them to narfcet^ 
and each received the same sum. If A had earried as 
mmkj as B. he would have received 18 pence &r them^ 
and if B had takes only as mair|r as A, he would have 
received oidy 8 pence. How ioairjr had each ? 

Am. a had 40, and B 60. 

8. Two partners, A and B, gained $60 in trade : when, 
divi«Ung their gam, B took 820 for his share. A's money 
continued in trade 4 months, and if the number 50 be 
divided by A's money, flie quotient will give the sumber 
of months that B's money, which was $100, continued in 
trade. What was A's mo»ey, and how long did B?s 
money oontinae in trade? Ajss, A's money was $50, 

and B's money was one mon^ in tsade. 

9. A regiment of soldiers, oonststlng of 1066 men, is 
formed into two squares, cme of which has four sieii; Bmro 
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in a side than the other. What number of men are in a 
side of each of the squares ? Ans. 21 and 25. 

10. An uncle said to his nephew, I have in mj mind A 
certain number of shillings, which I will give you if yott 
guess how many there are. The square of this number 
diminished by 4 times the number is equal to 5» 

Ans. The problem is impossible. 

11. A merchant bought some linen and muslin fot 
$10 50, the whole number of yards being 50 ; and each 
cost as many cents per yard as there were yards of the 
other. How much of each did he purchase ? 

Ans. 35 or 15 of linen, and 15 or 35 of muslin. 

12. Two drapers cut each of them a certain number of 
yards froo^ a pieqe pf cloth ; one, however, 3 yards less 
than tt^e other, and jointly receive for them $50. At my 
own pricCj said the first to the other, I should have re- 
ceived $25 for your doth. I must admit, answered thQ 
other, that at my low price I should have received for 
your doth np more than $16. How many yards did 
each sell ? Ans. The one 8, the other 5 yards. 

13. Two persons, A and B, jointly invested $2,0,00 in 
business. A let his mpney remain 17 monUjis, and re- 
ceived back in capital and profit $1,710 ; the other al- 
lowed his money to i;emain 12 months, and received in 
eapital and gain $1,040. What was each partner's stock 
in trade ? Ans. One $1200, the other $800. 

14. A pers(»i dies, leaving children and a fortune *of 
46,800, which, by the will, is to|be divided equally amongst 
them. It happens, however, that immediately after the 
death of the father, two of his children also die. If, in 
consequence of this, each remaining child receives $1950 
more than otherwise entitled to by tb/e will, bow many 
children were there? Ans. 8. 
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15. Two retailen jointlj Invested $500 in bnsiAess, to 
whieh each oontrtbated a certain sum ; the one let his 
money remain 5 monthB, the other only 2, and each 
receiTod back $450' capital and profit How mach did 
each advance? Ans. One S200^ lite other t300. 

16. In a right angled triangle the h3rpothenase or long- 
est side IS 10 feet, and the area is 24 square feet. What 
is the length of the other two sides ? 

Note. In solving this and other similar questions, it 
will be recollected that the square of the h jpothenose is 
equal to the sum of the squares of the other two sides^ 
and the area is equal to one half the product of these 
sides. Ans. The sides are 8 and 6 feet respeedvelj. 

17. A flag staff erected <m level ground is 117 feet in 
height. A rope, 125 feet long, is extended fiiom the top 
of it to the ground. At what distance from the foot of 
the staff does the rope reach the ground ? 

Ans. dbMfeet. 

How shall we interpret the negative answer to tins 
question^? 

If we suppose the rope to be 100 feet in length, an 
imaginarj result is obtained. What absurdity in the 
question leads to this result? 

18. The captain of a privateer descxying a trading 
vessel 7 miles ahead, sailed 20 miles in direct pursuit of 
her ; and then observing the trader steering in a direction 
perpendicular to her former course, changed his own coarse, 
so as to overtake her without making another tack. On 
comparing their redtonings, it was found that the pri- 
vateer had run at the rate of 10 miles an hour, and die 
trading vessel at the rate of 8 hours in the same time. 
Beqiiired the distance sailed by the privateer. 

Ans. 35 miles. 
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1^. A man had a field whose leogth exceeded its 
breadth by 5 rods. He gave S dollars a rod to have it 
fenced ; and the whole namber of dollars was equal to 
the number of square rods ii^ the field. Required the 
length and breadth of the field. 

Ans. 15 and 10 feet respectiyely. 

20. To divide the number 100 into two such parts that 
the sum of their square roots may be 14. 

Ans. 64 and 86. 

21. There are four numbers in arithmetical progres- 
sion. The sum of their squares is equal to 276, and the 
sum of the numbers themselves is equal to 32, What 
are the numbers ? 

Let 2y isr the common difierence, and let the numbers 
be « + 3 jf, x^y^x — y, a: — Sj^ respectirely:. Then 
by tto first oondUion 4 »* + 205/* 2;= 276, 
by the s^x^ond, 4.x =;= 32. 

Ams. The numbers are 11, 9, 7, and 5. 

2d. l^eFC «re foirr numbers in arithmetical progres- 
sion, the product of the extntemes being 22, aUd that of 
the means 40. What are the mrmbers ? 

An«. 2, 5, 8, and 11. 

23. After A who traveled at the rate of 4 miles 
an hour, had been set out two hours and three quaners, 
B set out to overtake him, and in order thereto, went four 
miles and a half the first hour, four and three quarters 
the second, and so on, gaining a quarter of a mile every 
hour. In how many hours would he overtake A ? 

Let a: = the number of hours. By the formulas for* 
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progreeaon by difference, Art. 70, we obtain for the 
whole number of miles B traveled* 

+ («:-- 1)1) X|; 
whence by the question . 

(9-f(a:-l)j)|=±ll + 4x. 

which being solved gives 8 hours for the answer. 

24. A and B set out from London at the same time, to 
go round the world, a distance in the parallel of London 
of 28661 miles, one going East, the other West. A goes 
one mile the first day, two the second, and so on. B goes 
20 miles a day. In how many days will they meet, and 
how many miles will be traveled by each ? 

Ans. 198 days; A goes 19701, and B 3960 miles. 

25. A sets out from Boston towards New York, and 
travels 1 mile the first hour, 2 the second, 3 the third, and 
so on. B starts 5 hours after, and travels uniformly 11 
miles per hour. In what time will they be together? 

Ans. 11 or 10 hours. 

26. Two persons wishing to have an interview, travel 
at the same time, on the same road, from two different 
places, A and B, which are 170 miles distant from one 
another. He who starts from B, travels regularly 4 miles 
a day ; but the other, only 2 miles the first day, and each 
following day, he goes without interruption j- mile more 
than the preceding one. Where will they meet ? 

Ans. 102 miles from A. 
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